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CHAPTER I 


INTRODUCTION 

Larsen, Liu and Wang [20] introduced the algebras 

(1 i p < a) of integrable functions on a locally compact abelian 

group G with Fourier transforms in L^CF) These algebras and their 

multipliers were studied by several authors. namely, 

Figa-Talamanca and Gaudr> [8], Martin and Yap [22], Reiter [25] , 

Tewari and Gupta [29, 30] and Bloom [4]. These algebras are 

similar to group algebra in many ways and are particular examples 

of Segal algebras [25] All Segal algebras are commutative 

semi-simple Banach algebras and that their maximal ideal space can 

be identified with T [25] A complete characterization of the 

multiplier space (A , A ) is not known for different values of 

IP ^1 

A. 

p and q. For a non-compact group (Ap , Ap) = M(G) [8] For 
some partial results on (Ap , A^) multiplier spaces we refer to 
[4], [18], [30]. 


In this thesis 

, we study 

severa 1 

prob 1 ems 

related to 

the 

multipliers from A 

p 

to A . We 

q 

briefly 

describe 

the contents 

of 


various chapters 

In the 2nd chapter we set our notation, give basic 
definitions and state well-known results which are needed later. 
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Before we describe the contents of Chapter III, we need the 
following definition. 


Def ini t ion : Let and S 2 be two subsets of L^(G) and 4> a bounded 
function on F. Then 4> is said to be a multiplier from to S 2 if 
0 f € V f € 


In Chapter 

III, we study 

the multiplier 

spaces 


, A ) 

q 

for a compact 

abelian group 

If 1 i p i 

2 , then, 

us ing 

Plancherel theorem, it is easy 

to see that (A 

> 

= -e 

a 

. For 


2 < p < the spaces CA^ , A^) have not been characterized 

However, it is known that for different values of p these spaces 
are distinct In fact, some stronger results are known [30], 
namely, 


Cl) If 2 < q < p < ®, then (A^ , A^) n C^CF) ^ CA^ , A^) n Cq(F) 

2<y<p 

In [28], the proper containment of (A^ A^) in 2<q<p^'^q ’ '^q ^ 

mentioned as an open problem Ve prove this in the 2nd section. 
The proof of this result uses an interesting lemma about the 
sequence spaces , which we again use to improve some results on 

(A , A ) multipliers due to Tewari and Gupta [30], 

P Pi. 

In the next section we consider the permutation invariant 

multipliers from A to A for different values of p,q. To state 

p q 

our results, we need the following definitions 

Definition ; Let F be a discrete abelian group We say that n is a 
permutation of F if n is one-one onto mapping of F 
Definition : Let and S 2 be two subsets of L^(G) and 0 a function 
defined on F Ve say 0 is a permutation invariant multiplier from 
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to S 2 if 4>o7r e (S^ , $ 2 ) for every permutation n of T The set 

of permutation invariant multipliers is denoted by OCS^ , S 2 ) 

The following are the main results of this section : Let G=T, then 

(A) n(A^(T) , A^(T)) = , 1 q ^ 2 < r < 

r-q 

(B) Let r > 2, and be a complex-valued function defined on Z 

such that e 4> e HCA^CT) ,A^(T)), for every function e defined on Z 

whose range is contained in {±1}, then (p € Z (Z) (Note that 

2r 

r-2 

1 e nCA^CT) ,A^(T)), but 1 g Z^^iz:)} . 

In section 4, we give a sufficient condition on 

<?> e (A (T) , ^ (Z) , 1 :s q < r < 0 ^, r > 2 so that (p e Z (Z) 

r q rg_ 

r-q 

Chapter IV contains five sections. In section 2 we study 
multipliers from L^ to Z These multipliers have been studied in 

q 

[11] The following results follow from well-known results Let G 


be a compact abelian group, then 

(a) For p ^ 2, (L^ , Z^) = Z^^ 

2-q 


1 q < 2 


= -C , q 2: 2. 

(/3) For 1 < p 52, (L^ , ) = >e q ^ p’ 

Q ^ 


(I) (L,Z)=Z 1 5 q ^ a>. 

q q 


P 

In view of (a), O) , (y) the study of (L , -6^ )-mul t ipl lers is 
interesting only when 1 < p < 2 and 1 5 q < p’ 
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The main results of this section are , 

(a) Suppose G is not totally disconnected and 1 i p^ < ^ 2 Then 

P, Po 

(L \ ? (L , 1 i q < p‘ 

(b) Let G be a compact abelian group then for 1 < P < 2, 

1 ^ q < P’ , f (lP . 

p’-q 

To describe the contents of section 3, vve introduce 
some notation. Let S be a subset of L^ and 1 ^ p < ». Define 



S 

P 

= {f 

€ S| 

f € Z } 

P 


Suppose p > 1 , 

see . 

then the 

following 

containments 

are not hard 

-e 

rq 

r-q 

C 



, 1 ^ q < r < 

r > 2. 

MCG) + ■€_ 

2r 

r-2 

C 


, A^) 

, r > 2 


5 ^(G) + t 

qr 2r 

r-q r-2 

c 

CL? 

■ A,) 

, 2 < q < r < 

CO , 


In this section, we show that each of these inclusions is proper. 
In section 4, we study permutation invariant multipliers 

from lP to t and prove the following results 

r Q 

(A) Suppose r>2, 15q<r<<» and 1 ^ p < r’ . Then 

n(LP(T) , Z (Z)) = I CZ) 

r q rq 

r-q 

Also there exists a permutation invariant multiplier in 

(L^ (T) , t CZ)) which IS not in t (Z). 

q rq 

r-q 
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(B) Let r > 2, and <#> be a complex valued function defined on Z 

such that e € nCL^^CT) , A^(T)) for every function e defined on Z 

whose range is contained in {±1), then (t> e (Z) (Note that 

2r 

r-2 


1 e nCL^CT) . A^(T)) but 1 g 

r-2 


Suppose r > 2, 

give a sufficient 

4> e -e CZ) . 

£ 2 - 


i q < r < c& and 1 ^ p < r’ In section 5, we 

condition on <P e(L^(T) , Z (Z)) so that 

r q 


r-q 

In Chapter V, we use Rudin-Shapiro polynomials to study the 
conjugation problem in A^-spaces. In the second section, we 
describe the construction of Rudin-Shapiro polynomials on a 
general nondiscrete locally compact abelian group, as given in 


[ 11 ] . 


In section 3, we study the problem of conjugation in the 
spaces Ap(G) for a compact connected abelian group G. ¥e observe 
that 

(i)A £L^,lip^2 and (ii)L^ ^A when p > 2 

p p 

It is known that admits conjugation when P > 1 and does not 

admit conjugation. Hence by (i) we need to study the conjugation 
problem in A^ spaces only when p > 2. Also, A^ admits conjugation 
if and only if the Hilbert transform defines a multiplier 

from (A , A ) = (A , L^). To state our results, we need some 

P P P 


def initions . 


6 


Def inition : A function <P defined on [0,® ) is said to be a Young’s 
function if It IS increasing, , continuous , convex, and satisfies 

(1) lim <J)(t) 


t-»0 

(2) lim 
t-»® 


t 

<^'(t) 


= 0 


and 


Let be a Young’s function. If f is a measurable function on G, 

wedefine r ^ \ ^ xi.., 

N.Cf )= I I f (x) 1 )dx , 

^ G 

where N^(f) is defined to be ® , if o j f j is not integrable. The 


(b 

Orlicz space L (G) is defined as follows 


<S> 

L CG)={f . f is measurable and N.(Xf) < ® for some X > 0} 

<p 

4> 

For f € L , we define 

I jf I L<^> =inf 1 /X (N.CXf ) + 1} 

^ x>0 ^ 

Then (L*^, |j |j^)isa Banach space. 

<t> 1 

Also, it is clear that L ^ L for every Young’s function, so that 

CAp , L*) e (Ap , L^) 

The main result of this section is the following: 

Let G be a compact connected abelian group and p > 2 Then the 

(b 

Hilbert transform does not belong to (Ap , L ) for any Young’s 
function <J> 

In the last section, we show that if G is a nondiscrete 

locally compact abelian group and p > 2, then Ap(G) is not 

(b 

contained in L (G), for any Young*s function <P The proof of this 

result uses the methods of section 3. As a corollary of this 
theorem, we get a result of H.C Lai [15] 
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To describe the contents of Chapter VI we observe that 


^ 'Sp , A^) 


when S IS a subset of L 


1 


Let B„(G) = L (log'*’L)°‘ a > 0 and ^ = {f e B\ f e ■€ ) Then 


a 


for p > 1 and a > 0, we have 
I II 


a. r 


a ' 


III 


IV 


(i) 


ER- 

r-q 


e (A , >& ) 
r q 


when l^q<r<®, r>2 




ti-; . iy 

r q 


(11) MCG) + - (A^ , A^) ^ 

r-2 


, A ) e (L^: , A ) 


when r > 2 . 


<A^ , A^) = ,, , A^) = ClJ , A^) 

r-q r-2 

when 2 < q < r < ® 

The proper inclusion of I in II is not known and we have proved 
the proper inclusion of I in IV in Chapter IV In that proof , we 
use the fact that there exists an infinite subset E of T such 
that Cany Sidon subset of T has this property). 

Zygmund [33] showed that for any Hadamard subset E of Z, 
B Ig £ Using this, one easily sees that if G = T and 

a ^ 1/2 then the inclusion of I in III is proper in each of the 
cases (i)-(iii) These results inspired us to investigate 
similar results for the classes B^ on an arbitrary compact 
abelian group G and Sidon subsets E of T In section 2, as a 
generalization of Zygmund ’ s result, we show that if E is a Sidon 
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subset of r and 0 < a ^ 1/2 then B^|j, and that there 

exists a Sidon subset E of F such that B^|j, 4 for any 

r < 1/a 

Using the above mentioned result we prove that if a 2: 1/2, 
then the inclusion of I in III is proper in each of the cases 
Ci)-(iii) Further if a <1/2 , 1/a < r < and 1 ^ q < r , we 

prove that 


rg_ 




«,r 




r-q 

Next we considered the problem of the existence of non-Sidon 

sets E for which B^|j, £ ^ infinite Sidon set, 

then E+E is a non-Sidon set, and for a particular Sidon subset E of 

Z (E = {2^},_„) we found that if E, = E + E + +E(li-t imes ) , then 
K^N k 

BalE s '^k/cc^h^ for 0 < a s k/2 and 4 ^ ^ 

k k 

These considerations led us to define and study a new class of 
lacunary sets, which we call A „ sets. These are defined as ; A 

«5P 

subset E ^ r is called a A „ set if - '^oo/~(E), 0 < a 

ot , p Of ' h Zp/ct 

In view of this definition, the above mentioned result of 
Zygmund states that a Hadamard set of positive integers is a 
^1/2 1/2 generalization of the result states that a 

Sidon subset of F is a A . set, where 0 < a ^ 1/2 

vX J 1 / 

In section 2, we give some characterizations of A „ sets. 

vX j p 

As a corollary, using a result of Pisier [231, we get a new 
characterization of Sidon sets We also give some examples of 
A_ „ sets in this section 

«5P 
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It IS easy to see that if P < then every A „ set is 

1 z oc , p ^ 

also a A _ set It is natural to ask whether the class of A „ 
«*Po a 


sets IS a proper subclass of A „ sets In section 3, we show 

“ > P2 

that for each positive integer k there exists a subset E ^ F which 


IS a A^ set for 0 < a k/2 but not s- ^ set for any 

^ < k/2 


CHAPTER II 

NOTATION AND PRELIMINARIES 


In this chapter vve specify the notation and state standard 
results vihich are needed in later chapters. 

^ ^ Notation . All the groups which we consider will be locally 
compact abelian groups. Every linear space considered will be over 
the field of complex numbers 

If G IS a locally compact abelian group, then F will denote 
the dual group Integration on G with respect to Haar measure is 
denoted by dx For 1 p < a, L^(G) (or just L^) denotes the 
linear space of equivalence classes of complex-valued measurable 
functions on G whose p^ power is integrable with respect to the 
Haar measure The linear space of equivalence classes of 
essentially bounded complex-valued measurable functions on G will 
be denoted by L^(G) . L^CG) is a Banach space under the norm 

jtfilj^P = C/q lf(x)|^ dx (1 ip < ro) 

j I f I L ® = ess sup I f (x) I (p = 

X e G 

C(G) , C^(G) and C^(G) denote, respectively, the spaces of 

continuous complex-valued functions on G that are bounded, vanish 
at infinity, or have compact support. 


The spaces C(G) and C^(G) are Banach spaces vvith the norm 

M f I 1 = sup |f Cx) i 

xeG 

The space L^CG) is a commutative Banach algebra Hith the 
convolution 

f*g(x) = /g f(x-y) g(y) dy, 

as a multiplication operation The maximal ideal space of (G) 
can be identified Vtith T The Fourier transform f of f in L^(G) is 
given by 

f(y) = /g (-x,7) f(x) dx (7 e T) 

If G IS a compact abelian group, then L^(G) , 1 ^ p < a, is 
also a commutative Banach algebra vtith convolution as 
multiplication. The maximal ideal space can again be identified 
with r 

If G IS discrete we denote L^CG) by t (G), or simply -& 

The space of all bounded, complex-valued regular Borel 
measures on G is denoted by M(G) MCG) is a Banach space with the 
norm 11 p 1| = |p|(G) where jpj is the total variation of p. MCG) is 
also a commutative Banach algebra under the convolution defined as 

p*y(E) = r p(E-x) di^(x) , 

u 

If f IS a function on G, and x e G the translate t f is 

X 

defined by T^fCy) = f(y-x) for every y e G 

Let H be a closed subgroup of G, Suppose f € L^(G), define 

Ilg(f)= / f(x + y) dffijjCy) 

H 

where m^ denotes the Haar measure on H Then II^ maps L^(G) onto 
L^CG/H) We shall use the same notation for the quotient 

mapping from G onto G/H. 
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Let E a subset of G For a function f on G, by f j v^e denote 
the restriction of the function f to E. For a subset S of L^(G) 
by S|g we denote the set ^f|£l f ^ S} 

Let S be a subset of L^CG) and E a subset of F. By we 

denote, the set {f € sj f = 0 on r\El 

Let 1 < r < ® By r ’ we denote the conjugate index of r , i e 
- + =1 The cardinality of a set E is written as jE|. Xp 

denotes the characteristic function of the set E By E-E we denote 
the set {x-yl x e E, y e E} C, are constants which may 

vary from one line to the next The space of trigonometric 
polynomials on G is denoted by S', T denotes the circle group. For 

other notation we refer to Hewitt and Ross [10, 11] and Lopez and 

Ross [21] 

1.2 Basic properties of A ^ CG) : If G is a locally compact abelian 

group and 1 ^ p :S cd, we define 

A (G) = {fl f € L^(G), f e L^CF)} 

P 

We often write A (G) as A These spaces were introduced by 

P P 

Larsen, Liu and Wang [20] If p = <» or if G is discrete, then it is 

clear that A (G) = L^CG) . Therefore, we shall always assume that 
P 

G is nondiscrete and 1 p < c». 

If 1 ^ p < OD, then with the norm 

llfl}^ = llfllLl + llfllLP (f e ApCG)) 

P 

A CG) IS a commutative Banach algebra with convolution as 
P 

multiplication. The maximal ideal space of A^CG) can be identified 
with F [18]. 
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It IS clear that A (G) ^ A (G) when l:Sp<q<a IfGis 

P q 

nondiscrete then Tewari and Gupta [29] proved that A CG) f A CG). 

p q 

For results on A spaces and further references, see the 

P 

survev article by Larsen [17], 

1.3 Segal Algebras : Let G be an arbitrary locally compact abelian 
group. A linear subspace S of L^(G) is said to be a Segal algebra, 
if it satisfies the following conditions 

(i) S IS dense in L^(G) 

(ii) S IS a Banach space under a norm || [ |g such that 

Nf i !s ^ ! Il^ V f e S 

(ill) If f e S then T^fes Vx€G and ilT^flU = Mf|lc 

(iv) For each f e S the mapping x > T^f of G into S is 

continuous . 

The spaces L^ , L^ n L^ C 1 < p < ®) L^ n C^(G) , Ap(l :S p < o&) 
are examples of Segal algebras. 

The set of functions whose Fourier transforms have compact 
support is dense in every Segal algebra [25] 

1 . 4 Multipl lers : 

(a) Let G be a locally compact abelian group and and S 2 two 
subsets of L^CG) A bounded function 4> on F is said to be a 

A. .A. 

multiplier from S^ to S^ if ‘I' f ^ S 2 for every f e S^ The set of 
multipliers from S^ to S 2 is denoted by (S^^ , 

If Sj and S 2 are Segal algebras, then it is easy to see that 
a multiplier 4 > ^ (S^ , S 2 ) induces a bounded linear operator T 

from S^ to S 2 defined by (Tf)" = f V f e 
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For basic facts and results on multipliers we refer to 111] and 
[183 

(b) Let G be a locally compact abelian group and T a linear 
operator from L^(G) into L*^(G), 1 ^ p,q We call T a pointwise 
multiplier if there exists a measurable function 4> on G such that 
Tf = 0 f V f e L^(G) . The set of all measurable functions 
corresponding to pointwise multipliers from L^(G) into L*^(G) will 
be denoted by We shall need the following theorem about 
pointwise multipliers 


Theorem 1.5 ([43) ; Let G be a discrete abelian group Then 

(l) hit ,l ) = ICG} , 1 ^ p ^ q ^ (s 

p q 00 ^ T. 

(ii) MC-C ) = •€ , 1 ^ q < p < oc 

p q £3- 

p-q 


1.6 Orlicz Spaces (1143) : Let G be a 
group. We first define a Young’s function. 
Def inition : A function defined on [0,® ) 
function if it is increasing, continuous, 


(1) 

1 im 

<#>(t) 


t^O 

t 

(2) 

1 im 

<J'(t)_ 


t-»® 

t 


local ly 


is sai 
convex , 

and 


compact abelian 

d to be a Young’s 
and satisfies 


Let <}> be a Young's function If f is a measurable function on G, 
we define 


N. (f )= / 4>( 1 f (x) 1 )dx , 
^ G 


where N^(f) is defined to be if ojfl is not integrable 
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(b 

The Orlicz space L (G) is defined as follovts . 

L*^(G) = {f . f IS measurable and N^(Xf) < ® for some X > 0} 

We note that is not an Orlicz space 

For f € L , we def me 

I 1 f I L<i> =inf 1 /X {N.(Xf ) + 1) 

^ X>0 

Then ( , || j]^ )is a Banach space 


For the following definitions and results, we assume G to be 
a compact abelian group 

Two Young’s functions and 4>2 s^re equivalent if there exist 
positive constants , k 2 such that 


<^>2 

If <^>. and (p^ are two equivalent Young’s functions then L = L 

X ^ 


and the norms defined by 4*^ and <t >2 a^re equivalent 

We say that a Young’s function 4> satisfies the A^-condition 
if there exists a constant C > 0 and t^^ 0 such that 
4>(2t) ^ C 4>Ct) for all t ^ t^ 

4> ^ 

If 4> satisfies the then the dual of L is isomorphic 

to an Orlicz space where tp is also a Young’s function given by 

4>Cs) = sup (st - 4>(t)) , s ^ 0 

t^O 


We shall be particularly concerned with the following Young’s 
function Let a > 0, we define 


Vt) = 


1+a 


a 


t Clog t) 


Cf 


0 :S t e 
, t > e 
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It IB easy to see that is a Young’s function satisfying the 
A^-condi t ion In fact, 

4>^(2t) i 2^"^“ <#'^(t) for all t ^ e 

d> 

* 

It IS not difficult to shovv that the dual space (L ) is given by 
L , ’Where 

0 :S t i (2a)“ 
t > (2a)“ 


Vt) 


(2a)2« 
. 1/a 


1 . 7 Lacunary sets ([21]) . 

Ca) Sidon sets : An infinite subset E of F is called a Sidon 

set if there exists a constant C > 0 such that to each e ’ 

* 

there corresponds ape M(G) satisfying 

(p = p|g and I 1 p| 1 C I j^l 1^ 

Any constant C with this property is called a Sidon constant for 
the set E. We shall need the following theorem about Sidon sets. 

Theorem 1.8 (C213) . Let G be a compact abelian group and F its 
dual group. Let E be a Sidon subset of F and 1 < p < 2 Then 

s -tjCE). 

Cb) A ^-sets . Let E ^ F and 1 < p < <» E is said to be a A^-set if 

Lg = Lg . It IS known that every Sidon subset of F is a A^-set for 
every p Also, there exists a subset which is a A^-set for every 
p and which is not a Sidon set [271. 
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1.9 In Chapter III, we make frequent use of the following result 
due to Edwards: 

Theorem 1.10 ([6]) or g be a compact abelian group and 

<P a function defined on r Let e 4 > ^ L ^or every function e 
defined on T whose range is contained m ^ '^2 



CHAPTER III 


MULTIPLIERS OF Ap(G) 
§ 1. INTRODUCTION 


In this chapter Vre stud> the multiplier spaces CA^ A^) for 
a compact abelian group These spaces have been studied by se\eral 
authors in a series of papers In particular vte refer to Larsen 
[19], Lai [16], Tewari and Gupta [30], Tevvari [28] and Bloom [4] 
\e remark that if G is a non-compact locally compact abelian 
group, then it is known [8] that 


(A 


P 


A ) 
P 


M{G) 


If 1 5 p < 2, using Plancherel theorem it is easy to see 

that (A , A )= Thus the study of the multiplier 

p p 00 • ^ 

spaces (Ap , A^) is interesting only when p > 2 

It follows from the definitions that (A , A ) e CA . A ) 

P P q q 

when 1 q < p < CO Tewari and Gupta [30] proved in 1978 that if 

2 < q < p < CO, then 

2<^<p'S ' V’ ^ 

However, the problem of the proper containment of (A^ , A^) in 

„ n (A , A ) remained unresolved In section 2 of this chapter 

2<q<p q q 

we prove that this containment is proper Further, using the ideas 
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of this proof, v»e improve some results on CA^ , )-mu 1 1 ip 1 1 er s 
proved by Tevvari and Gupta in {30]. 

Hewitt and Ross 111] proved that if G is a compact abelian group 
and 1 p 2, then , L^) = ■^■2 As a consequence of this 

result we get the following result 

Let n be a permutation of F, 1 ^ p ^ 2 and <P a multiplier in 

, L^) Then <Pon belongs to the multiplier space , L^) 

On the other hand, Figa-Talamanca [7] proved in 1965 that if 2<p<^t 

then there exists a permutation n of F and a multiplier 4> in 

, L^) such that 4>on does not belong to , L^) 

In section 3, we study the analogues of the above results for 

(A , A )-mul tipl lers First we observe that ifl:Sri 2 <p<cc 
p ’ r 

then 


EL- 

p-r 





For, if f e Ap then using Holder’s inequality we see that ‘P t ^ 

Since 1 :S r :S 2, it follows from Plancherel theorem that there 

exists a g e such that g = <P t Therefore <P f ^ and we get 

that ^ ^ (A , A ) 

pr p r 


p-r 

In Theorem 
Let 1 ^ r 

mul t ipl lers 


3 3, we prove the following result. 

^ 2 < p < ® Then the set of permutation 

from Ap(T) to A^(T) is given by 


p-r 


invariant 


In section 4, we give a sufficient condition for an 
(Ap(T) , A^CT)) multiplier 4> , 1 r :S 2 < p < cr, so that 

4> belongs to 't (Z) 

If ^ 

p-r 
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§ 2 Proper inclusions in (A^ , A^)-spaces 

In [8] Figa-Ta I amanca and Gaudry proved that 

(L^CG), l’^(G)) ? (L^(G). L^(G)), (2 1) 

when 1 £ p < q i 2 and G is an infinite locally compact abelian 
group. Price [24] generalized (21) by pro\ ing 

u (L^(G), L^(G)) f (L^CG), L^CG)) (2 2) 

liq<p 

and (lP(G), L^CG)) ? n (L^(G) , L^(G) ) (2 3) 

p<q^2 

when 1 < p < 2, where the first inclusion is strict when p = 2 
and the second, when p = 1 (Similar results also hold for 2^p<^) 
In view of these results one naturally asks for the 
corresponding results for (A^ , Ap)-mul t ipl lers The following 

theorem proved by Tewari and Gupta [30] giv'es the analogues of 
(2 l)-(2 2) in the case of (A^ , A ) multipliers 


Theorem 2.4 ( [ 30] ) : Let G be an infinite 
group and l^q<®, 2<p<®, p>q, then 


compact abelian 


(a) <Ap , Ap) n CpCD , (A^ , 

(b) u (A , A ) ? (A , A ) 
p>q t' t' 


A ) n C (T) 
q o 


We state and prove below the analogue of (2 3) 


Theorem 2.5 : Let G be a compact abelian group Let p>2, then 

(Ap , Ap) ?^n^(Ap . Ap) 
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The proof of Theorem 2 5 depends on the following lemma which may 
be of independent interest and is suggested by the equality 

'tp , 1 £ r < p <cc. 

p-r 


Lemma 2 6 . Let I be an infinite set Let 1 ^ r < p < ct and <P € -C^d) 

be such that (f> ^ for every q < p Then there exists a 

V' e n >e (I) such that 4> w ^ ^ (I). 
t>dl£ t r 

p-r 


Proof : Wi thout loss of generality, we assume j<#>| ^ 1 on I . Let 

s>p/r be a fixed positive integer Let q = p - 1/j. Choose m e N 

rq ° 

such that q, > r for j ^ m Define, a = j ^ m 

J o j ^ ° 

Then q, increases to p and a decreases to Let (a )* , be 

J J p-r n n=l 

the support of Let n = 0 and choose n, > 1 such that 

o 1 


1 l<J>(a > 1 

n=l 


Then choose 112 > satisfying 


2 

I I'KS’l " ‘ 

n=nj^ + l 


Then define 
such that 


. OC' 


a sequence Cn ) of 
*1 ,1 i 

n >n_. Vj^l, and 
■3 J 3- 


n 




n=n ,+l 
J-1 


natural 


numbers inductively. 


> 1 , 


V J ^ 1 
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We now define rp as follows . 


Let ip(a) = 


p/a 

i I if a 


0 


on 


a„ . Hj.j < n i Dj , V j ^ 1 


n n= 1 


We claim that tp satisfies the assertion of the lemma First 


show that ip e n >£ ( I ) Note that n Z.(I) = n 

i>L£— ^ t k=m. a, 

p— r P^r 


O k 


Hence it suffices to show that ip ^ ^ Cl') for everj k ^ m 

“k ° 

k ^ m and consider 
o 


a. 


I IWa )| 

n=nj^+l 


i I'fCa )| 

j=k n=n +1 

J 




By the definition, is decreasing. Since i4>l ^ 1 , we have 


pa, 


4> 


a 


J + 1 


V j ^ k 


Hence 


a. 


OD k 




n 


^ E kCa )1 < CD , 

n=nj^+l 


Therefore ip e t (I). 

k 

Next we show that (Pip t Consider, 


pr/a r 

n=l 


CO r r n 

'n' ‘ • ‘ '”n 


j=l n=nj_j+l 


n 


Since s > p/r it is easy to see that 


r H- pr/a^ < V j a l 


, we 


Let 
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a - r n Q 

Hence Z )i I^PCa )] ^ Z = ®’- 

n=l j = l n=nj_j + l ” 

so that <P^ t "C.(I). This completes the proof of the lemma 


Proof of Theorem 2.5. Since u A 5 A [29], there exists an 

— — — a * D 

q<P ^ ^ 

f e Ap such that f ^ for every q < p Let 4> = f Then ^ 


satisfies the conditions of Lemma 2 6 v^ith r = 2 


Hence 


there exists V' ^ such that <P^ ^ -t For 2 < q < p, ne 

+ > £P— ^ ^ 

p-2 

have , so that n Z = n Z Hence 

Q-2 P-2 t>^ ^ x»q>2 ^ 

^ p-2 P>q>^ q_2 

e n Z . 


We can choose a function e on T whose range is contained 
in {±1} such that € 4) ^) ^ (L^) (see, Theorem 1 10. Ch.II) Then 

e 4) belongs to n Z s n (A , A ), and, £ W ^ (A , A ). 

P>q>2 P>q>2 ^ ^ P P 

q*“2 

This completes the proof of the theorem 


For the circle group, we give another proof of Theorem 2 5 which 
does not use Lemma 2.6 


Another Proof of Theorem 2.5 for G 
is still the same We construct 


= T : The idea 
a tp e n Z 


p>q>2 




of 

(Z) 


q-2 


the proof 
such that 


tp i (A CT) , A CT)) 

p>q>2 ^ 


Since Z- (Z) f n 

such that p ^ Z (Z) 

/£_ 

P-2 


Z^ (Z) , we choose a 
23_ 
q-2 


Now 


^9rvf2) 

2£_ 

p-2 


is equal to 


MC'E^CZ) 

P 


Z-CZ)). So there exists P e 'C^CZ) such that<l>if> ^ Z iZ) 
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Def me 


0j(n) = max + j4>(-n) | ) 

Then <t>^ e ^^(Z) and ^ Also <l>^ satisfies the conditions 
of Lemma 3 4 (see § 3 belov») So we can choose a permutation n of 
Z such that 4>^on € L Now the proof can be completed exactly as 
in the general case because (4>^on) (port) g 


2.7 Discussion of (A , A )-mul t ipl lers 

P Q 

First we state some known results 

Proposition 2.8 ([30]) . Let G be a compact abelian group 
(Ap , Ap) = (Ap . Ap) = for 1 i p 2 , p ^ q 

(A , A ) = -t for 1 :S q ^ p i 2 
p q pq 


p-q 

^ s(A ,A) forl^r^2<p<a^’ 
rp P r 

r-p 

M(G) + ■^„ = (A , A ) for p > 2. 

2p p P 

P-2 

A. 

^rpi^^ ^2p_ e (A , A ) for 2 < r < p 

— P p 

p-r p-2 


< ®. 


Then 


(2 9) 

(2 10 ) 

( 2 . 11 ) 


It IS not known whether the inclusions in (2 9)-(2.11) are 
proper . However Tewari and Gupta [30] proved the follo^^ing 
proposition 

Proposition 2.12 ([303) : Let G be a compact abelian group Then 

-£ i (A , A ) when lir:S2<p<'» and s > 

s * p r P“r 

■C $ (A , A ) when p > 2 and s > 2p/(p-2) 
s p p 

-L ^ (A , A ) when 2 < r < p < <» and s > 

s p r P " 
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The proof of Proposition 2 12 in [301 fails to show the following 
stronger results 

(2.13) 


s> 

n 

s> 

s > 


n 

Z 

4 (A 

. A ) , 1 ^ : 

r-p 

s 

P 

» r* * 

P-2 

1 

$ (A 


s 

P 

, Ap ) , p > 2 


1 

^ (A 

, A ) , 2 < r 

P-2 

s 

P 

r 


cc 


(2 14) 


(2 15) 


We prove (2 13)-(2 15) using the ideas of the proof of Theorem 
2.5 


Theorem 2 16 ‘Let G be an infinite compact abelian group Then 

(a) n t i (A ,A),l:Sr:s:2:^p<® 
rp s p r ^ 


s>- 


p-r 


? 2p ^ ^-^p ’ ^p^’ p > 2. 

® P-2 

^ 2p ^ ^ ’ 2 < r < p < 

S ^ 

p-2 


Proof: (a) Since u A 5 A , there exists an f e A such that 
, Q P P 

q<P ir' 

f ^ for every q < p. Hence by Lemma 2.6 we get pen -t such 


s> 


rp s 
p-r 


that p f ^ I Thus p t ik , A ) . 

r p r 

(b) Using (a) for r=2 we get P e n t such that P ^ (.k ,A„) 

. 2p s p 2 


s> 


P-2 


Hence there exists an f € A such that P f ^ -t-.Now there exists a 

P 2 

A. 4 ^ 

function e defined on T with range in {±1} such that c p f ^ (L ) , 


Hence e p ^ (k , k ) and e p e n. t . 

P P s>^^ ® 

p-2 


(c) follows from (b). 
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We 


§3. Permutation invariant multipliers 
begin with some definitions* 


from A to A 
P r 


Def inition 3.1 . Let F be a discrete abelian group We say that n 
IS a permutation of F if n is a one-one onto mapping of F 


Definition 3 2 : Let G be a compact abelian group and F its dual 
group Let <P be a function defined on F. We sa> that (p is a 
permutation invariant multiplier from A^ to A^ if 0on e (a^ , A^ ) 
for every permutation Jt of F The set of permutation invariant 
multipliers is denoted b> 

In view of Proposition 2.8, the study of ^CA^ , A^ ) is 
interesting only in cases (2 9)-C2 11). 


The following theorem completely characterizes OCA^CT) , A^(T)), 
l^r^2 <p<®. 


Theorem 3.3 ; Let lir^2<p<®, then 

>e^^(Z) = nCA^CT) , A^CT)) 
pr p r 

p-r 


The proof of the above theorem depends on the following lemma 
which may be of independent interest: 

Lemma 3.4: Let 2 < p < ® and (aCn)) € Z (Z) be such that aCn) ^ 0 
P 

and aCn) = a(-n) V n e W. Then there exists a permutation h of Z 
such that aoir(n) € (L^(T)). 
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The proof of Lemma 3 4 depends on the following well-known 
theorem [3] 


Theorem 3.5’ Let (a(n)) be an e\en, non-negat i\ e , 


sequence of real numbers such that Y 


a(n) 


exists an f e L such that f(n) = a V n e Z and 

n 


tii,i - c ( i ^ 

n=l 


) + a 


decreasing 
Then there 


Proof of Lemma 3 4 : Let ir be a permutation of N such that aon is 
decreasing on IN Extend ir to Z by defining 7i(-n) = -JT(n) V n e K 
and n(0)=0 We show that aon e (L^(T)) Clearly, aon ^ 0, 

aon(n) = ao7t(-n) V n e K and aon is decreasing to zero on IN Also, 

I iSiin) ^ ( I ( I c. 

n=l ^ n=l n=l 

Therefore aoTt satisfies the conditions of Theorem 3 5 Hence 
aoJT e (L^(T)) 

This completes the proof of the lemma 


Proof of Theorem 3.3 It is clear that ( Z) ^ nCApCTT) , A^CT)). 

p-r 

Conversely, suppose (a(n)) ^ ( Z) = M("E-p(Z) . then 

p-r 

there exists a sequence (b(n)) € -C^CZ) such that (a(n)b(n)) does 
not belong to . 

Def me 

c(n) = max ( j~ i' lb(n)| j ^ j + jbC-n)]) 

Then (ctn)) € -6 (Z), and (a(n)c(n)) ^ -^_CZ) Also (c(n)) 

p r 

satisfies the conditions of Lemma 3 4, hence there exists a 
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permutation n of Z such that (coTC(n)) e (L^CT)) . Therefore 

(co7i(n)) e A CT) 

P 

It follows that aon ^ (A^CT) , Aj,(T)) as (aoJr(n) coJt(n)) ^ 

This completes the proof of the theorem 


Remark 3 . 6 Lemma 3 4 can be viewed as an intermediate result 
between the following 


(i) Helgason [9] Let G be a compact abelian group and a 

function on F Then <p €. if and only if 4'oit € L for every 

permutation n of F. 

(ii) Kahane [121. There exists a sequence <J> e C^(Z) such that 
<Pon t (L^(T)) for any permutation n of Z 

The proof of Helgason’s result gives the following result about 

(A , A )-mu 1 t ipl lers 
P P 


Theorem 3.7 : (a) Let p > 2 and a multiplier in (A^ , A^) n 

Then there exists a permutation ir of F such that (poTt belongs to 

the multiplier space (A , A„). 

P ^ 

(b) nCL^ , L^) n = ^2 

Proof: (a) Let E = { 7 e Fj ^ 0} Since e , E is 

countable If E is finite then (pon € (A , A„) for every 

p z 

permutation Jt of F. So. we assume without loss of generality that 
E IS infinite Let E^^ be an infinite subset of E such that 

2p/(p-2) 

Y, l4»(y) 1 < ® (3 8) 


Let E 2 = E\E^ 
(pon e t £ 

2e_ 

p-2 


.If E 2 IS finite then for every 
(A , So, we assume without 

p / 


permutation 3i of F 
loss of generality 



29 


that IS infinite Choose a countably infinite subset of F 
and define = F\Fj Let n be a permutation of F mapping F^^ onto 

E„ We claim that 4>one(A , Let f e A .Since 4>one(_A^ , k), 

Z p 2 p p p 

choose a g A^ such that g = (.•Pon') f. Using Holder’s inequality 
and (3 8 ) , we get 

Y. if 1^ < oc 

YeF2 

2 

Hence there exists an h c L such that 

4>o7iQy) fCy), y e F„ 


h = 


0, otherwise 


1 2 
Now g-h e L„ Since F, is a set, we have g-h € L Therefore, 
o F^ 12 

g e L^ 

(b) The proof in this case follows exactly as in the above case if 
we choose the set E^ ^ E such that 


I 


< a- 


In cases (2 10)-(2.11) we are not able to characterize 


nCA CT),A (T)) 
P r 


However, we prove the following theorem. 


characterizing a subclass of HCA^fT) . A^(T)) 


Theorem 3 9’ Let (aCn)) be a sequence on Z 


(i) For p > 2, suppose (a(n) e(n)) e HCA^T), A^T)) for every 
sequence (f(n ))^^2 > = ±1, then (a(n)) 

P-2 

Cii)For 2 < r < p < ®, suppose (a(n) c(n)) e IKACT) , A(T)) for 

Jr * 

every sequence (eCn)) mentioned in (i), then (a(n)) e 

P-2 
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Proof (i) Let (a(n)) i (Z) = HU (Z),'e„(Z)) Then there 

2p p 2 

p-2 

exists a sequence (d(n)) € such that d(n) ^ 0, d(n) = d(-n) 

Vn€ff^, d(n) ?f0n€iN and (a(n) d(n)) ^ Hence by Lemma 3 4, 

there exists a permutation xc of Z such that (doicCn)) € A^T) . Since 

(aon(n) donCn)) ^ t^CZ) , therefore there exists a sequence 

(£;(n ))^^2 > £(n) = ±1, such that (e(n) aoirCn) doJi(n)) ^ (L^(T)) 

Hence (a(n) £(n)) ^ HCA (T) , A (T)), a contradiction 

P P 

(ii) The proof of (ii) is similar to that of (i) 

This completes the proof of the theorem 

Remark 3 10: Let P > 2 Then 5 HCA , A ) since the constant 

2p ^ p p 

p-2 

function 1 on r belongs to OCA , A ) 

P P 


§ 4 


Throughout 

this 

section 

1 we assume 

that l^r:22<p< 

cc Ve 

have 

*<1 

Ul 

• K 

) , and 

the proper 

inclusion is not 

known 

In 

Pr P 

r 






p-r 







section 3, 

we 

proved 

that -t (Z) 

= nCA CT) , A^CT)) 
P r 

In 

this 


p-r 

section, vve give a sufficient condition on a multiplier 

e CAp(T) , A^(T)) so that ^ (Z) . 

p-r 

It is easy to see that <l> e (A^ , A^) if and only if 

| 4>1 € (A , A ). Therefore it is sufficient to characterize 

* * p r 

non-negative multipliers from A^ to A^ 
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Theorem 4 1 : Let 4> be a non-negative sequence on Z which is 

decreasing on both sides of Z Then 4> ^ (A (T),A (T)) if and only 

P r 

If 0 e ^^^(Z) 

£! 1 _ 

p-r 


Proof : Clearly, <t> e (A^CT) , A^(T)) if and only if 

V(n) = 0(n) + <l>C-n) € (A^CT) , A^ (T) ) 

Hence, without loss of generality ^e may assume that 
and <P(0) = 0 Let 




tp^(n) = ^ 
m 


on [-m,m] 


0 


otherwise 


Then 


ll-fll (iiiiijip - livJU > 

r p 


Now by Theorem 3.5, we have 


<f> is even 


(4 2) 


m (n) 

n=l 


C I ( I (0(n))P^^‘'^ r)^l/p 


n=l n^ 


n=l 


m 


Also =(2 Z (<P(n)}^ C4>Cn)) 


r /(p-r ) ) 1/r 


r n=l 


n=l 


(4 3) 


(4 4) 


Hence combining C4.2)-C4.4), we get 

n=l n=l 

+ C I 4,Pr/Cp-r)jl/p^ 
n=l 



It foil ows that 


( E s ||♦|| (1 + C). 

n=l 


where the right hand side is independent of m Hence 


This completes the proof of the theorem 




e I (Z) 
£ 1 ^ 


p-r 


Remark 4.5 : The proof of Theorem 4 1 actually shows the following 
Suppose IS a function defined on Z which is decreasing on both 
sides of Z and l:Sr<p<cD, p>2 Then fp ^ (A^(T) , -t^CZ)) if 



CHAPTER IV 


MULTIPLIERS FROI L^ TO 
§1. INTRODUCTION 


Throughout the chapter, G denotes a compact abelian group, unless 
stated othervvise We begin vvith a definition 

Def inition 1.1 Let S be a subset of L^(G) and 1 s q < x A 

bounded function 4> on F is said to be a multiplier froir S to -C (F) 

q 

if <Pt e Z for every f € S The set of multipliers from S to Z is 

q q 

denoted b> (S , ■^ ) 

q 

Suppose 1 q i 2 Using Plancherel theorem, we see that • 

Therefore, in view of Definition 1 1 , we have 

(A ,A) = (A , Z ) , 1 ^ r < os 

r q r q 

Next, we introduce some notation Let SF be a subset of L^CG) By 

9^ we denote the set {f € ? | f e Z (F)}. Note that A = L^ . 

In Chapter III, we discussed (A^ , A^ )-mu 1 t ipl lers . We mentioned 

there that the proper containments in the following inclusions 
are not known 


Z G 
£S_ 
r-q 





l:Sq:S2<r<cc 


M(G) + Z^^ c (A^ , A^) , r > 2 

r^ 


(1 2 ) 

(1.3) 
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M (G) 
rq 

.A) 

2r r q 

, 2 < 

q < r < 

a 


(1 

4) 

r- 

-q 

r-2 







However , 

(1 . 

2)-(l 4) correspond 

to a 

special 

case 

(corresponding 

to p = 1 ) of 

the following inclusions 








^ (L^ , A ), r 
rq r ’ q ’ 

> 2, 

1 q < 

r < oci 


(1 

5) 



r-q 









M(G) + ’ 

A^), 

r > 2 



(1 

6) 



r-2 









5 ^(G) + s (L? 

rq 2r r 

, A ) 
q 

, 2 < q 

< r < ' 

X 

(1 

7) 



r-q r-2 







We also 

observe that if p > 1 , 

then 

(A^ . 



A ) 

q 

for 

every r 

and 

q In this chapter, 

we study the 

proper 

inclusions 

in 

(1 .5)-(l 

7) 

for every p > 1 








The study of (1 5)-(1.7) for p > 1 led us to consider 
P 

(L^ , '£g)-multipl lers. 

In section 2, we study (L^ , 't^)-multipl lers . In view of 

Theorem 2.2 below, the study of (L^ , ^^)-mul tipl lers is 
interesting only when 1 <p<2, l^q<p’. ¥e have shown that if 

G is not totally disconnected then 
P. Po 

(L * 1^P^<P2^2, l^q<Pj . 

In section 3, we study (L^ , ■€^)-mul t ipl lers . The main results 

are . 

(i) Let G be a compact abelian group and p > 1 Then the 
inclusions in Cl.5)-Cl 7) are proper 

(ii) Suppose G IS not totally disconnected and r > 2, 1 ^ p < r’, 

1 ^ q < r < 00 , Then 

(L^ , ? (l"* , 
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In section 4, we study the permutation invariant multipliers 
from L^(T) to 

In section 5, we study a sufficient condition on a 4* 
belonging to (L^CT) , I (Z)) (r > 2, 1 q < r <®, 1 p < r’) so 

r q 

that e (Z) . 

!£_ 

r-q 


§2. )-multipl lers 

q 

(L^ , 't^)-multipl lers have been studied in [11]. Ve begin by 
listing some results which follow easily from the following 
theorem . 


Theorem 2 1 ([6] or [11]) ; Let G be a compact abelian group 
and 1 ^ q < 2 Then 


CC 



2-q 


Theorem 2.2' Let G be a compact abelian group Then 

(a) For p ^ 2, il? , t ) = I , 1 q < 2 

q-2 

= q ^ 2 

(b) For 1 < p 2, (L^ . Q ^ P’- 

(c) (L^ , , 


1 q <: CC 
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Proof : We briefly sketch the proofs of (a), (b) 

(a) Clearly (L^ , t ) ^ (L^ , -C ) c (c , ^ ) , 

q q ’ q ’ 

Now from Theorem 2.1 (C , 'C ) = for 

2-q 

Clearly, (L^ ,-€)=>£„ for 1 ^ q < 2 

q 2q 

2-q 

Hence (L^ , -€ ) = (L^ , -t )= I for 1 :S 

q q 2q 


2-q 


1 


q 


and 

P 

^ q 


< 2 


(c) 
i 2 
< 2 


Also, clearly (L^ , Z ) = Z for q 2 

Q 


(b) follows from Hausdor f f-Young theorem 

(c) Clearly, Z £ (L^ , Z ) Let 0 e (L^ , Z ) and let Ck^) be a 

q q q “ 

bounded approximate identity for such that each is a 

trigonometric polynomial and lik^jjj^l 1 , V a Then 

\\<t> kjl^^ ^ \ \<t>\\ lUJl^i ^ ll'^M 

Since ^ 1, we conclude that|j4>l|^ - 11*^11 follows 

q 

This completes the proof of the theorem. 


We now study CL^ 


Z 

q 


)-mul t ipl lers when 


< p < 2 and 1 ^ q < p ’ 


Theorem 2.3; Suppose G is not a totally disconnected group and 

l:Sp^<P2^2, l^q<Pj’ Then 

Pi Pp 

(L ^ , Z^) ^ CL ^ , Z^) 

First we prove Theorem 2 3 for the case G = T Then the proof of 
the general case is reduced to the case G = T, by using the fact 
that there exists a closed subgroup H of G such that G/H is 
isomorphic with T. 
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The proof for G = T is based on the following known result 

Theorem 2.4 ([5]) : Let be a non-negative, even, decreasing 

sequence on Z and 1 p < a , then there exists an f e L^(T) such 
" “ -9 

that f(n) = a^ V n € z if and only if n^ < a And in this 

n=l ^ 


case 


1/p 


( i; (1 + n)P ^ a^) ^ !k!L ^ C, ( ^ (1 + n)P ^ a?) 


1 /p 


n=0 


n=0 


n 


for some positive constants and C 2 


Proof of Theorem 2 3 : The proof consists of three steps 


Step 1 (G=T). First we assume p’ > q. Let 


1 


1 1 


2 ‘ r q p 


r , then b> 
2 


Hausdorf f-Young theorem, we get ^ (L 




We show below that there exists a sequence (a ) e such 

r, nr 

P 1 

that (a ) ^ (L ^(T) , I ) . Let 
n q 


a = i 
n 


n I ^ 1 og I n 


0, otherwise 


n| £ 2 


Then (a)€^ asr>l. 
n r 


Let 


^ ^ 


1 


|n|‘''p; (log|n|)^ 
0, otherwise 


nj ^ 2 


Then (b ) satisfies the conditions of Theorem 2.4 for p = p 
Pi 

Hence € L . Now we show that (a^ b^) ^ -c^ 

+00 00 j 

-I ' \=2 n”^'' (log n )« nl-'Pi (log iD^I 


cc* 


= 2 I 


r: OD 


as 


n=2 (log 

q/r + q/pj = q (1/q - l/P^^ + P/Pj = 1 " pd/p^ " i/Pp < 1 
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Hence (a ) ^ (L 
n 


. -e ) 

q 


Next, suppose ^ Q Then (L 


, ^ ) = ^ 
q 00 


then ^n ~ ^n ^ as q < p| . Hence(a^) 


This completes the proof of step 1 


Let a^ = 1 V n e Z, 
Pi 

(L ^ , I } 

q 


step 2 Let G be a compact abelian group such that Theorem 2 3 
holds for G/H, for some closed subgroup H of G Then it holds for 


P2 » T Pi T. 

Proof; Let <J> e (L ^(G/H) (H )) such that ^ (L ^ (G/E) X (H )) 
q q 

Pi ± J. 

Let f € L (G/H) be such that <P f ^ I (E ) Define (p = 0 on r\H 

Q 


We show that <|> € (L * ^ ^ 


'C ) Let g € L , 


P 2 ± 

then ^gCg) e L ^(G/H) and (IlgCg)) = g on H Hence 


g = 


<f>Cn^(g)) on E 
0 otherwise 


± 


Hence g € -^^CT) as <f>(ngCg)) G Therefore, 4' G CL , 


Also, foHg € L iG) and (follg) = f X x- Hence 4>(fong.) -C 

H 

Pi 

and so 41 ^ (L , -C ) . This completes the proof of step 2 

q 


step 3 ; Since G is not totally disconnected, T contains an element 

of infinite order, say, Kq. Let S denote the subgroup generated by 

JL 

7q and let H = S Then G/H is isomorphic with the circle group 
T. Now the proof of the theorem follows from step 1 and step 2. 


Let G be a compact abelian group. By Hausdorf f-Young theorem and 

Holder’s inequality , we have 

Z , £ (lP , -e ) . 1 < p < 2 , q < p’ (2 5) 

P q q 

p’-q 



In the following theorem v^e show that the inclusion in (2.5) 
proper . 
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Theorem 2.6 : Let G be a compact abelian group and l<p<2 

'^p.q ? (L^ , for q < p’ 

P’-q 


Proof : 

Case 1 1 ^ q < 2 Let E be a Sidon subset of T Then 

£P|^ = 

Hence, by Holder’s inequality, we get 


= (lP , 

2-q 

Now choose a sequence e (E) such that ^ , (E) 

2q P q 


2-q 


p’-q 


to r by putting <t> = 0 on r\E Then <t> e (L^ , but 4» ^ 


This completes the proof in case 1. 

Case 2. q ^ 2. Clearly, (E) ^ (L^ , -£ ) for any Sidon 

w q 

of r. Hence we get that 5 

p’-q 

This completes the proof of the theorem 


1 s 


Then 


Extend 4> 

kl3_' 

p’-q 


subset E 



^ 3. (L^ , 1 1 ip i 1 ers 


In Theorem 3 1 belov», vve shovv that the inclusions in 
(1 5)-(l 7) are all proper when p > 1 

Theorem 3 1 Let G be a compact abelian group and p > 1. Then 

(a) r > 2. 1 i q < r < X 

r-q 

(b) M(G) + , A^), r > 2 

r^ 

(c) M_ (G) + 1. 


L3- 

r-q 


2r_f ( , A ) , 2 < q < r < a 

r-2 ^ ^ 


The proof of part (b) of Theorem 3 1 uses the following result 
from the theory of Sidon sets 


Theorem 3.2 ([21]) : Let G be a compact abelian group, E a Sidon 
subset of r and let Then there exists a measure ju e M(G) 
such that = 4> and ^ C^(r\E) if and only if 4> e C^CE) 


Proof of Theorem 3.1 : Let E be a Sidon subset of T 

(a) Since e 'C^(E) , p > 1, by Holder’s inequality, we have 

^^E) £ (lP . ^ (lP , 1 ^ q ^ 2 

2-q 

For q > 2, we have -t^CE) e ClP , Z ) £ (lP , •€ ) Also -C ¥ 

Q r ’ q rq ^ 2q 

r-q 2-q 


since r > 2 Hence (a) follows 


(b) For r > 2, we have -^^E) ^ ClP L^) ^ (lP , A^). Now we show 
that 

'C^E) I M(G) + ^2j. 

I — 2 
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(1 on E 

Lot (j> = < 

0 outside E 

Then ct>^ e if = ii + tp for some e M(G) and tp e 

7 ^ 

Then IJ = -rp on T\E, therefore p € CCr\E) Then, b> Theorem 3 2, 

A ,|l»w 

applied to 4> = pj^ we conclude that pj^ € C(E) Hence 4> J ^ € C^E) , 

which IS false Hence (b) is proved 

Cc) As s (L^ , L^) e (L^ , A ), (c) follows 

I' Q 


As mentioned earlier, we have 


and 


^ (A^ , e (lP , ^^), r > 2, 1 ^ q < r < cc 

r-q 

by Theorem 3 1 -C 5 (L^ , ) for every p > 1 

rq r q 

r-q 


P > 1 

Natural ly , 


one may ask whether (A , -E ) is properly contained in (L^ , t ) 

r q r q 

p ’ r * 

for every p > 1'’ We show that this is so if p = r’ (then = L ) 
In fact, we prove a stronger result: 


Theorem 3.3 : Suppose G is not totally disconnected Let r > 2 and 
1 ^ p < r ’ Then 

(L^ , ? (L^’, 1 ^ q < r < CD. 

We prove Theorem 33 for G = T The proof in the general case can 
be completed exactly as that of Theorem 2 3 

The proof of Theorem 3 3 for T depends on Lemma 3 5 below 
We shall also need the following theorem 


Theorem 3.4 : 

(a) [5] (Hardy-Littlewood) If 1 < p ^ 2 and f € L^ , then 

{ I !n|P'2 IfCnllPl^'^P ^ C \\f\\jP 
neZ 

for some constant > 0 . 
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(b) [5] Suppose that 1 < p <: q s p’(so that 1 < p 2) Then there 

hat 

||(|„l,((l/p')-(J/q)) ; 


exists a constant C = C >0 such that 

P 


f I U ^ S I 


Lemma 3 5 : Let 1 < t ^ 2, and be a complex-valued function 

defined on Z, then 4> e (L^ , -& ) if 

q 


(a) 


ia_ 

M = T i<P(n)j^~^ 

nez/{0} ^ 


n 


t-q 


(b) M = sup |n 
n€Z 


1/s 


< ^ vvhen q < t 


|4>(n)| < oc when t q :£ t ’ and - = - - (3 7) 

S Q L 


(3 6) 


1 


Proof (a) Let f e L^ . a = - (then a’ 

q 

inequality with exponents ot and a’, we get 


t-q 


) Using Holder’s 


(t-2)q (2-t)Q 


Z |4>(n)l^lf(n)l^ = Z |<J>(n) I'^lf (n) In] ^ 

nez/{0} nez/{0} 


n 


t-2 .q/t 


^ ( Z if(n)rlnl^“‘^ ) 

neZ/{0} 


Cj llfll^t M 


iza 

t 


i£_ 

y l4>(n) 

neZ/{0} i | z . g . > - a 

t-q 


iza 


n 


Hence ||(4> f)||^ ^ C MfMj^t . for some constant C This proves 

q 

the theorem in case (a) 

Cb) Let f e L^, then 

a _(a) 

Z |<^>(n)l'llf(n)l'^ = Z |<^>Cn)l^lf{n)|^ ln|® jn! ^ 

nGZ neZ 

„ - „ (T- ^)q 

i m'> Z |fU Ini*- 

nGZ 

(1 _ i) 

= 1 1 Inl^’ f 1 1^ ^ 1 If 1 11^ 
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Hence | ] (4> f)!L ^ H C. jifij t . so that (b) IS proved 

q ^ 

This completes the proof of the lemma. 


Proof of Theorem 3.3 * Ve prove the theorem f or G = T 

We shall use the following fact it ip e Z (r > 2), then 

r 

X Inj^ ^ |tl’(n)j^ < when 1 ^ p < r’ 

nez 


Indeed, by Holder’s inequality, we get 


(p-2)r (r-p) 


I |n|P”^ IfCiDlP i ( I C I |n| ) 

n€Z n€Z nez 


< o: 


r(2-p) . . 

as ^ > 1 

r-p 


Case 1. q < r’ We shall construct a 4> satisfying (3 6) for t=r ’ , 
and a. Ip e such that ip is non-negative, even, decreasing and 


<pip 9^ Z Then <P ^ CL^ , ) by Lemma 3 5(a) and V e for 

Q Q. 

1 ^ p < r ’ by Theorem 2 4. Hence <P ^ (L^ , -C ) 

r Q 


Def me 


ipCn) = JUI^''''Cioglnl)^''2 
I 1 , otherwise 


, n ^2 


and 


n 


22X 

iQr 


(2-q)/2q 

<i>Cn) = ■{ (login! ) 


n 1 ^2 


1 , 


otherwise 


Since r > 2, V satisfies the desired conditions. We show below 
that ^ satisfies (3.6) for t = r’. 
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|n|2:2 


4>(n) 


q r 
r ’-q 


in 


.r’-2, 


<X> 

= 2 I 

n=2 


(2 L) (2£ ) 

^qr r’-q 


(log n) 




n 


q(r^-2) 

r'-q 


cc 

= 2 E 

n=2 


n (log n) 


(2-q Jr ’ 
2(r’-q) 


' 7^> - - » 

qr r ~q r -q 

V 

(3 6) Next we show that <P ^ Z 


Since ^^r?- ~ qy > 1 satisfies 


OD 


E l<J>(n)!^ |tp(n)|‘^ = 2 E 
[n|^2 n=2 


2ZL 

r 


n 


= 2 


(X 

I 

n=2 


^2-q) a 2 

(log n) ^ n^ (log n)^ 


1 


n logn 


Hence the proof of case 1 is complete 
Case 2. r’ ^ q. Define 


4>(n) 


n 


i _ i 

^ ^ V n € Z 


and 


ln| C log jn] ) 
1 , otherwise 


i/>(n) = 


1/q 


nl 2: 2 


Then (P satisfies (3.7) for t = r’ Hence <^> e (l’’ > \ ^ Since 

q < r, rp €. t Therefore, by Theorem 2.4 ip € for 1 ^ p < r’ 


We show that (p \p ^ t 


os 


n 


(q-r )/r 


n=2 n^^^ (log n) 


E l<J>(n)l‘’ ItfXn)!*^ = 2 E 

|nl^2 

Hence ^ (L^ . ) • 

This completes the proof of the theorem, 


1 


CD 

= ^ J 2 ■ n logn 
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§ 4. 


Permutation invariant multipliers from to 

r 


I 

q 


In § 3 of Chapter III we studied the permutation invariant 

multipliers from to and proved the following results 

(A) If l:Sqi2<r<3:, then 

nCA (T) , A (T)) = I (Z) 

^ q rq 

r-q 

(B) Let {a(n)) be a function defined on Z Then, if r > 2 and 

(a(n) r(n)) € OCA^T), A^T)) for every sequence Ce(n)) with range 

in {±1}, then (a(n)) € ^ (Z) 

zr 

r-2 

In this section, we prove the following related results 


Theorem 4 1 • Suppose r>2, liq<r<« and 1 ^ p < r’ . Then 

n(L^(T) , '&„(Z)) = 

r q rq 

r-q 

Theorem 4.2 : Suppose r > 2 and 1 ^ p < r’ If (a(n)) is a sequence 

such that (a(n) e(n)) e Ild^CT) , A (Z)) for every sequence 

r r 

(e(n)) with range in {±1}, then (a(n)) € 

The proofs of Theorems 4 1 and Theorem 4 2 are similar to the 
proofs of Theorem 3.3 and 3 9 , respectively, of Chapter III. 

Recall that the proofs of Theorem 3 3 and 3.9 of Chapter III 
depend on Lemma 3.4 there. We giv^e below the analogue of Lemma 
3.4 of Chapter III 
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Lemma 4.3 : Suppose r > 2 and lip<r’ IfCa(n))e^^(Z)is 
such that a(n) i. 0 and a(n) = af-ny V n t then there exists a 
permutation n of Z such that aoTi e (L^(T)) 

Using Theorem 2 4, this can be proved as Lemma 3 4 of Chapter III 


Theorem 4 4 . Let r > 2 and 1 ^ q < r < 's; Then 

nCL^CT) . ^q(Z)) ¥ P(L^’(T) , >e^(Z)), 1 ^ p < r’ 

Theorem 4 4 can be proved as Theorem 3 3 by using the following 
analogue of Lemma 35. 

Lemma 4.5 . Let 1 < t ^ 2 and be a complex-valued function 

defined on Z Suppose either of the foilovdng conditions hold 


(a) q < t and 

M 


E 

nez 





(l+lirCn) 1 ^ 


for some permutation xr of Z 


a 


(b) t < q^t’, ■^ = ~~ T-.and 

S Q X 

M = sup [xtCn)!^^® l^iCn)! < 

nez 

for some permutation k of Z 
Then (p e (L^ , -C ) . 


In the following corollary of Theorem 4.4, we show that 
Theorem 4 1 is false if p ^ r’ 

Corollary 4.6 : Suppose r>2, l^q<r<a' and p ^ r’ Then 

I (Z) ? nCL^CT) . X„(Z)) 

rq ^ r q 

r-q 
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Proof Since p r \ L^(T) = L^CT) c ’ (¥) Hence 

HCl’^CT) , l(Z)) c nCL^CT) , I (Z)) 
q r q 


A1 so 

(Z) £ n(L^(T) , I (Z)) 
r-q 

Now by Theorem 4 4 , we have 

nciJcT) , I izy ^ n{L^(T) , i (z) 
q q 

This proves the corollary 


§ 5 

In § 4 of Chapter III, we proved that if 4> is a non-negative 

multiplier from A^(T) to (1 ^ q < r < a. r > 2) which is 

monotonical ly decreasing on both sides of Z then 4> € -C (Z). In 

rq 

r-q 

this section, we show that the result still holds if A^(T) is 
replaced by L^CT), 1 ^ p < r’ The proof of the following theorem 
IS similar to that of Theorem 4 1 in Chapter III. 

Theorem 5.1 : Let r>2, l^p<r’, l^q<r<® and 4> be a 

non-negative function defined on Z which is monotonical ly 

decreasing on both sides of Z. Then <P ^ CL^(T) ,'£^(Z)) if and only 

If 0 € l^(Z) . 

£ 3 _ 

r-q 

Proof; Clearly 4> e (L^ , if and only if ¥> e (L^ , , where 

' ■ ' F Q -i M 

0(n)=0(ii)+0(-n) . Hence without loss of generality, we may assume 
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that IS even and 0(0) = 0. Let 

f (0(n))^^ , -m ^n^m 


0 (n) = 
m 


othervv i se 


Then 




(5 2) 


Nov. by Theorem 2 4, 


I II^ ^ ^ ^ ^ (0„(n))P)^^P 


^ C i (0 (n))^)P^^ ( I n 
U=1 n=l 

m -iia 

^ C, ( t (0(m))’' 


m (p-2)(-^) 


I_i r-p >. 1/p 


r-p j p 


(5 3) 


V, AJ J X ^ 4 

since — > 1. 

r-p 


m j / 

Also = (2 (0(n))*^ (0(n))^ 

q n=l 

m ^ 

= (2 E (0(n))^ Q)l/q 

rs_ 

in — ^ / 

and Ik^ll^ = (2 E (0Cn))''"‘^)^^^ 
r n=l 

Substituting (5.3)~C5.5) in (5.2), we get 

rq 

2^^^( E ^ 11« 

n=l 


(5.4) 


(5.5) 


(1 + Cj) 


Hence | KI 1^ ^ ^2 I 1*^1 ! * completes the proof of the 

ra_ 

r-q 

theorem 


Remark 5.6: Theorem 5.1 is false if p = r’. To see this, consider 


the sequence 4> constructed in the proof of Theorem 3 3 



CHAPTER V 


THE CONJUGATE OPERATOR 
5 1. INTRODUCTION 

We begin with some definitions 

Ordered groups Suppose P is a semigroup in a local i\ compact 
abelian group G which is closed and has two additional properties 

P n (-P) = {0}, P u (-P) = G (11) 

Then P induces an order on G For x,y e G, we say that x j if 

x-y e P Then ^ is transitive and Cl 1) shows that each pair x,y 

satisfies one and only one of the relations x > y, x = y, y > x. 

(G,P) IS called an ordered group. 

It IS known [26] that if G is a compact abelian group then T 
can be ordered if and only if G is connected 

Conjugate functions ; Let G be compact and connected so that 
r can be ordered. With respect to any fixed order P on T, 
we define the conjugate operator as follows Let f be a 
trigonometric polynomial on G, then the conjugate of f is 
f = 2 -1 sgUpCy) where 

r 1 e p\{0} 

sgn (7) = -j 0, 7 = 0 

P (^-1 , otherwise 

The operator f >• f so defined on the space of trigonometric 
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polynomials is called the conjugate operator ( f is also called 
the Hilbert transform of f) 

In this chapter, we study the conjugate operator on 
•^q ^ for a compact, connected abelian group G. Lsing 

Plancherel theorem we see that if 1 ^ q ^ 2 then A (G) e L^(G) 
and the conjugate operator is bounded from (S', jj ||^ ) to itself 

Hence the study of the conjugate operator on A (G)-spaces is 

q 

interesting only when q > 2 It is easy to see that the conjugate 
operator is bounded from O', || ll^ ) to itself if and only if it 

q 

is bounded from O', j| || ) to O', |1 jUl) 

^q ^ 

In section 3, we prove that if q > 2 and 4> is an> Young’s 

function, then the conjugate operator is not bounded from 

(S', II 1 ^ '*^0 (S , II prove this result using 

q 

Rudin-Shapiro polynomials on a nondiscrete locally compact abelian 
group as given in [111. For the sake of completeness, we give 
their construction in section 2 

The proof of the above mentioned result shows that if G is an 
infinite compact abelian group, q > 2 and <?> is a Young’s function 
then A i In section 4, we show that this is true for any 

q 

nondiscrete locally compact abelian group 
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§ 2 Rudin-Shapiro Polynomials 


Let G be a nondiscrete locally compact abelian group and F its 

dual group. Let u e L^CG) be such that u e C (F) Let E = supp(u) 

c o 

and = g„ = u Choose y g E -E and define 
o o o o o 

L = " ’'o So 

Sl= fo - *0 

and Ej^ = E^ u (y^ + E^) = supp(fj) = supp(g^) 

Clearly E^^ is compact Next choose y^ € define 

*2 = L * h Si 

*2 ■ *1 ' *1 

and E 2 = u (y^ + E^) = supp(f 2 ) = suppCg 2 )- 

Then construct sequences ’ ^^n^ ^^n^ inductively 

such that y E - E„ and 
n n n 

f . = f + y g 
n +1 n 'n ®n 


^ = f - y g 

®n+l n *n ®n 


^n+1 = \ ^ ^n ^n^ = s^PP^^n+1^ = supp(g^^j) 


Then we have 


t 1 “ 4 ' 1 

m(E^_j_j) = 2 mCE ^)=2 


(2 1 ) 


And 


(Unl^ ISnl^) = ('n-1 Vl Sn-l^ ^Vl * Vl S^-i) 

* ('n-1 - Vl Sn-ll (Vl - Vl Vl) 


= 2 (|f jV ^ j"-"! |„|2^ Vn^O (2.2) 


Also f^ = 


^ n -1 " 


^"^n-l ^n-1^ " ^n-1 . ^n-1 


'n -1 


w 111 . Iv F " 1 ^ ^ „ * 1 * Y 

- * ' ' '• ■’UR 
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Hence, by the choice of 7 ^ , we see that 


A. A 

suppCf ) n supp(x ^n- 1 ^ 

'n -1 


0 


From (2 1) we get 


vs. 

If 


= lU, 


n> U 

r r 


= 2"''' I 1^1 I 


V n 2 : 0 , V r 2: 1 (2 3) 


In subsequent sections, we need estimates for Mf^ML*^ . 1 ! ! t 

where 4> is a Young’s function We estimate these below 

Using (2 2) we get 

IfJ (UJ) ^ 1^1 

Hence ^2^^ ^ (24) 

On the other hand ^ ^ 

Hence If^^I + \S^\ ^ !uj (2 5) 


Now , 1 et 


h = 
n 


n 


If iif„li,'<' ^ lUnllL* 


■n' 'L 

a otherwise 

®n 

Then (2.5) gives us 1 | h^^ 1 | 2 ; 2^^ 1 ! u 1 1 


(2.6) 


Remark 2.7‘ If G is a compact and connected group, P a fixed order 
on r and supp(u) ^ P, then we can choose ( 7 ^) in the above 

jA. ^ 

that supp(fj^) = supp(g^) ^ P. V n 2 : 0 


construction so 



53 


§ 3. Conjugation in A^-spaces 


We first state some known results 

For the following theorem we refer to {13 or [26] 


Theorem 3 . 1 • (a) Let G be a compact and connected abelian group 

Let P be any fixed order on F Then for each q > 1 there exists a 
constant , depending only on q such that 

! U t IlQ ^ Cq 1 If 1 IlQ V f e j 

Hence the conjugate operator can be extended to a bounded 1 inear 
operator on l'^(G). 

(b) Let 


^ t2 


<^>(t) = < 


t( log t) , 


0 t ^ e 

t > e 


Then 


f I I 1 ^ C I |f 1 ! V f € J, 


[ ^ 1 1 I I 

where C is a constant independent of f . 


Hemark 3.2 : (i) Part (a) in Theorem 3.1 is false for q = 1 [133 

(ii) A partial converse to Theorem 3.1(b) is known for the circle 

group T [343. Let f 2: 0 , f € L^ (T) be such that f e L^{T) 
+ (p 

then f e L log L s L . 

“f" 

We explore the analogue of part (b) of Theorem 3.1 where L log L 
is replaced the by space A :Does there exist a constant C > 0 
satisfying 



V f e 9^ 


C3.3) 
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For 1 ^ q ^ 2 , (33) holds with = 1 Indeed, 


IlfilL^^lifllL^^IUML^^iUlU Vf€? 

q 


For q > 2, we do not know whether there exists a constant C 

q 

satisfying (3 3) However, we prove below that the conjugate 

operator is not bounded from (?, \\ j {^ ) to (?. \\ | for any 

■^q 


Young’s function <}> 


Theorem 3 4 . Let G be a compact, connected abelian group and P anj 

fixed order on F Suppose 4* is a "ioung’s function and q > 2, then 

the conjugate operator from O', jj |j ) into O’.M-IIt^') is 

q 

unbounded 

Proof . Consider the operator S • 5" — > 9^ defined by 

S(f) = J f(Y) > 

Then we see that 

f = -1 (2 S(f) - f - f(0)) V f e J 

Suppose there exists a constant C > 0 such that 

I If ! ^ C 1 If 1 1 V f € 9- 

^ ^q 


Then it is easy to see that there exists a constant B>0 such that 

1 |SCf ) 1 B| jf I V f e S' (3.5) 

q 

We show below that (3.5) is false for every Young’s function <t> 
if q > 2 . 

Since 4> is a Young’s function, we get 5 . Therefore there 

exists a sequence Cv^) ^ 9" such that 



<» as n 


(3.6) 
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Without loss of generality, we may assume that supp(v ) ^ P (If 

ri 

not, choose the smallest element in supp(v^) , sa> , and replace 

V by y \ Then (3,6) holds for y v , and siipp((y v )) ^ P) 
n 11 Li n n n n 

Let be an increasing sequence of natural numbers such that 

I supp(v^) 1 , 


Let 


u = 


n 


n m /2 
2 ^ 


For each u , construct a sequence (h^^*^), as in section 2 with 
n m 

( n ) 

suppCh^ ^ P Then, from (2 3), (2 4) and (2 6) of § 2, we get 


q q 

Hill"’ 1 1,1 ^ II II 1 


m 


n' 'L^ 


(3 7) 


(3 8) 




n"L" 


C3 9) 


(n) 


Let h = h^ . Using (3.6)-(3 8). we get 
n m 

n 


ii^iu = 2” 


(- - -) 

' llv Jl 


n' 't 


/I 1 \ 
“ 9) 


^2^^ ^ tK MtI — ^Oas n — > oc (3,10) 

n n ‘ L 


Further 


I \\\ IlI ^ 2^^^ I Iv^l ij^l 0 as n 


CD 


(3.11) 


and 1 I\1 ^ 1/(2)^^^ j ] 1 1 ® as n-^ oc (3 12) 

Hence from (3.10)"“(3 12) we see that (3 5) is false. 

This completes the proof of the theorem 
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Remark 3 13 : Let G be an infinite compact abelian group 

(i) The proof of Theorem 3.4 given above shows that if q > 2 

, <^) 

then g L , for any Young’s function 4). 

(ii) Part (i) shows that if q > 2 then there exists an f e a such 

q 

that f ^ L logL. If we could construct such a function which, in 
addition, is non-negative then by Remark 3 2 (ii), it would follow 
that f ^ L^(T) And then we would be able to conclude that the 
conjugate operator is unbounded from A^(T) to (T) However, we 
have not been able to resolve this problem 


§ 4 


In Remark 3,13(i), we observed that if G is an infinite compact 

, 4 > 

abelian group and is a Young’s function then f L (G) for 

any q > 2. We now show that the same result holds for any 

nondiscrete locally compact abelian group G In fact, we prove a 
more general result 


Theorem 4.1 ; Let G be a nondiscrete locally compact abelian group 
and 4> a Young’s function. Let p be an unbounded Radon measure on 
r Then for q > 2 we have 

A CG,p) t L^(G) 

q 

where A (G,p) = {f L^ (G) : f ^ L^(r,p)3 
q 

Proof : Since L^ | L^, we get a sequence Cv^) ^ such that 


(Vn) £ C^CD, 


il-nllL^ 


0 , and 1 1 1 I 


cT' as n — >• cc. 
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Let be an increasing sequence of natural numbers satisfying 


/i(supp V ) ^ m 
n n 


Let 


u = 
n 


m 


n 


Now by repeating the argument of the proof of Theorem 3.4, we get 

a sequence Ch^) = such that (h^) e C^CF) and 


h 


n' ‘Ag(G.tf) 


0 




«■ as n — > a; 


A^(G,^) 4 r 


Hence 

This completes the proof of the theorem. 


Corol lary 4.2 . Let G be a nondiscrete abelian group If q > 2 then 

A 4 for e\ery p > 1 
q ' ^ 


Remark 4 3 . (a) H C Lai [15] proved that for a nondiscrete 

locally compact abelian group G and l<p<2, L^nL^f A^, It 
follows from the Hausdorff Young theorem that L^ n L^ ^ Ap , The 
proper inclusion then follows from Corollary 4.2 

(b) Let G be a nondiscrete compact abelian group. Tewari and Gupta 
[29] proved that 

A(G) q A(G). 1 p < q < ® (4 4) 

P q 

Later on, Tewari and Parthasarthy [31] generalized (4.5) to 

A^G.p) f A^G.p), 1 p < q < ®, (4.5) 

when p IS an unbounded Radon measure on T. 

The method of the proof of Theorem 4.1 can be used to prove 
(4.5) when 1 ^ p < q ^ 2 or when 1 i p < 2 < q. 


< m 


CHAPTER VI 


THE CLASS L(LOG L)°AMD SCME LACUNARY SETS 
5 1. INTRODUCTION 

In [33] Zygmund proved that if f is a function on the circle 

group T such that |f| (log |fi)^'^^€ L^(T) and E is a Eadamard set 

of positive integers then ^ ] f(n)| < cc Hevvitt and Boss ([11]. 

nGE 

p 446) pointed out that this phenomenon has not been explored for 
Sidon sets and groups other than T in this chapter, we 
investigate this and prove the following generalization of 
Zygmund ’ s result 

Let G be a compact abelian group and let F be its dual group Let 
= {f : |f I ( log'^lf j )“e L^(G)}, a >0 
If E IS a Sidon subset of F and 0<o:il/2 then Bq;!£ - 
and there exists a Sidon subset E of F such that 4 

r < 1/a (corollary 3.3). 

We then use this result to deri\e some results about TJltiplier 

spaces of certain subspaces of L^ 

We investigated the existence of non-Sidon sets E for ivhich 

c 't^y^(E). If E is a Sidon set, then E + E is a non Sidon 

k 

set For particular Sidon subsets of Z (E = (2 found 
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that if E, - E + E + . +E (k-times) then B I £ 'f-, , (E, ) for 

o('E, k/a k 

k 

0 < a i k/2 and | ^ ^ These considerations led 

k 

US to define and study a new class of lacunary sets, called A o 

Of p 

sets . 

Def inition A subset E ^ F is called sl t\ ^ set if 
- a, 

®o:Ie ~ 0 < a £ ^ 

In vievv of this definition, the above mentioned result of 

Zygmund states that a Hadamard set of positive integers is a 

Aj /2 generalization of the result states that a 

Sidon subset of F is a A . set, where 0 < a 1/2. 

Of j 1 / ^ 

In section 2, we give a characterization of A^ ^ sets in 

Theorem 2 6 This is the main result of this section As a 


corollary, using a result of Pisier [231, we get a characterization 
of Sidon-sets As another consequence we get A „ e a „ , 

“j iP «2 

0 < ce^ < ^ We also use Theorem 2 6 to give some examples of 

A o sets. We have also included some applications to certain 
a, p 

multiplier problems. 


In section 3, we provide a partial answer to the problem of 


deciding whether the class of A^ ^ sets are distinct for distinct 
indices fi.We prove that for each k e N, there exists a subset E s F 
which is a A^ set for 0 < a £ k/2, but not a A^^^ set for 
0 < <x £ ^ < k/2. This is a consequence of Theorem 3.1, whose proof 
takes up all of section 3 We have not been able to prove the 
distinctness of A^ ^ sets in the index a. 
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§ 2 


In this section we prove the main theorem of this chapter giving a 
characterization of ^ sets First we prove an analogue of the 
following known theorem about Sidon subsets of F. 

Theorem 2 1 ([21]) ’Let E be a subset of F Then the following 
statements are equivalent 

(a) E IS a Sidon set 

(b) = {f e C f e I (E)} ^ A(G) for some p > 1 

£, P 

4*= i<B<» 4 = 

(d) CACto))^ = {f e C- (0 f € lAE}} ^ A(G) for some e 

Jb 1 o 

Now we state and prove an analogue of Theorem 2 1 for ^ sets 


Theorem 2.2 . Let E be a subset 
statements are equivalent, 

(i) E is aAo set 

«5P 

(ii) i ^ ^'or some r > 2^/oc 

a, r ' E 2p 


a 


Cm) 


^^>2^/a 


B 


a,r- 




a 


of 


F 


Then the following 


C iv) 

C(B^)(w)) 

'Ie= !f ® I u 

a 

a 

f or 

some oieC 

o 

Proof 

: It IS 

clear from the 

definition 


sets 

that (i) 


implies (ii)-Civ) V r > 2^/of and for each ^ ^ For the reverse 
implications, we suppose that E is not a shall prove 
that each of the statements (ii)-(iv) fails. Let F be a finite 
subset of E, then E/F is not a Therefore 

— : f e f # ol = a> (2.3) 


|f 


E/F 


sup 


Tn 


B 


a 



61 


oc 


Let wee Then by (2 3) there exists a sequence (f ) , - ^ 

o n n=l 

sat 1 sfy ing 


(b) lif 


n' 'B. 


^ 2 


-n 


o: 


(c) supp(fj) n E ^ E \ {■y e Ej [oCy)] ^ 1} and for n ^ 2 


supp(f^)nE £ E \ ((supp fj^n E) u {y e e| t^(y) 1 ^ 1/n})] 


Let f = II f Then 
n=l 


a 


-n 


I lifJiB - I =■- < » 

n=l Of n=l 

Therefore f e Further, the sets supp(f^)nE are pairwise 

disjoint Hence for each r > 2^/a, we have 
*r r r 


IUIeIU = i:, lifnlElIf ^ X, llf„iElli 

r n=l r n=l 


2^/a 


1 


n=l 


ar/C2p) 

n 


< a 


Therefore f e B V r > 2^/a. However, 
a, r 


2P/0£ 


OD 


^Ie^U „ “ ^ ^ n-1 

2^/a n=l 2p/<x n-1 


2^/a 


00 


= I ± = a 

^ n 


Therefore (iii) fails and consequently so does (ii). 

CO ^ 2p/a 

'2p/a n=l 2P/a 

oo . . 2^/a 


Also 


2g/« 

I" f Ijl u. 


1 


or 

= E 

n=l 


n=l n 
1 


2^/o^ 


Ilf 




20/a 


l*C20/a) 


< ® . 


n 


Hence we have shown that (ii)—Civ) fail. This completes the proof 


of the theorem. 
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Now we prove two simple lemmas Lemma 2.4 below will be 

needed in the proof of Theorem 2 6, and we use Lemma 2 5 to 

construct examples of A o sets 

“■P 


Lemma 2 . 4 Let E be a subset of F, a > 0 and 1 < r a Then 

^ if and only if -C^.CE) ^ where l/r + l/r’= 1. 

Proof . If r = the result is ob\ious, so assume r < ^ Suppose 

A. 

B 1 T, ^ (E) Then by the closed graph theorem there exists a 

cx ii r 

constant C > 0 such that 


I^^CE) 


^ C ! If 1 1 


B 

a 


V f e B 


Let (t> e 

then 


(E), we define a linear functional on B^ by 

K^cf) = I f(>) 

^ yeE 

^ 1 1*^1 , (E) I I ^ I E® 1-€^(E) 

^ C \\ct>\\^ lifllg V f € B^ 

r ’ « 


It follows that for some g € B^, , 


K.Cf)= / fCx) g(-x) dx V f e B^ 
^ G 


In particular, taking f(x)= y(x), y e E we get gCl')= Hence 


4> e (B^ )1^. 


Converselys suppose ^ Again, by the closed graph 

theorem, there exists a constant C > 0 such that 

IIsIIb* ^ ^ ,<E) '' s ^ 


a 
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Now let f e and put <f> = f | ^ Define a linear functional on 
the class of functions on F with finite support by 

= I vcy) 

7^E 

For each such tp, there exists a trigonometric polynomial g with 
g(y')= ipCy) , so that 


and 


Hence L.. extends 
<P 

so (t> e I (E). 
r 


K.(f)= / fCx) g(-x) dx 
G 

^ lldln HsHb* 

a a 

^ cllf 1 1 I li! 

= Cllfllg ilv-IU ,<E> 

a r ’ 

to a continuous linear functional 


on 5 (E) 


and 


The following lemma is essentially an interpolation result 


Lemma 2 . 5 Let E be a subset of F, ^ > 0 and 1 p , s < ct Suppose 
there exists a constant C > 0 such that 

1 I f 1 Ij^p ^ C p^ I If 1 1^ V f e 

s 

then if 0 < a i ^ and q = p/5/a, there exists a constant C o > 0 

(X 5 P 

such that 

lU I IlQ ^ I If i V f ^ 

where r = s’P/(s’P-ot) 

lA, 

Proof ; Consider the linear map U, defined on 3’^ by 

Uf = f V f € S'g 

The hypothesis implies that U extends to a bounded linear map from 
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-tgCE) to Lg with norm at most C Clearly L also extends to a 

bounded linear map from to with norm at most 1 If 

q=pj5/a, let 5 = 1-a/p then 0 ^ 6 < 1 and ^ ^ ■ f - ?;- = —7 

1 s s p r 

B> Riesz-Thorin con\e\it> theorem, U extends to a bounded linear 
map froT -^^CE) to with norm at most 

CCp) C \ Q “ p Q 

This completes the proof of the lemma 


Theorem 2.6 : Let G be a compact abelian group and T its dual 

group. Let E ^ T and 0 < cx s p Then E is a ^ set if and only 

if there exists a constant C depending only on a and ^ and not on 
q such that 

I If j l^q i C q“ { If I 1^ V f € 3-^ , Vq k 2 ^/a (2.7) 

where r = 2 P/a (then r’= 2 ^/( 2 ^-a)). 


Proof : Sufficiency * From Lemma 24, EisaA^^ set if and only 
If i^.CE) s (b’)‘|j 

Now suppose E ^ r and (2.7) holds Let 4> ^ , (E) . Since 2 ^ r < 

we have 1 < r’ ^ 2 and ,(E)^„(E) Hence there exists a f e L^(G) 

r 2 

such that f( 7 )= <P(7) if 7 e E and f( 7 )= 0 if 7 ^ E. We claim that 
f e Let X > 0 and consider 

/ exp( |f(x)|^^“ )dx = I _X^'^“ il^ll^Wa 

G k=0 kf L^^ 


= C E 


E ) 

k>2^ 


i f 1 
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Using (2 7) for q = k/a m the second summation, v^e get 


k/a 


k>2p k! 


1 Ui 1 


k/a 

k/a 


k/a 


k>2^ 


k' 


[C (k/a)“ I I f 1 ] 


k/a 


= E 

k>2p 

^ X I 


k>2g 


k ^ 


!Ui!; 


k/a 


a 

X 

a 


1/a 


lifil. 


1 /a 


r’ 


i^hich IS finite for a suitable choice of X i e X such that the 
expression in the square bracket is < 1 


Necessity : First vve note that (2 7) is equivalent to saying that 
there exists a constant depending only on a and ^ such that 
j jf ! Ij^k/a :S (k/a)“ j if 1 V f e , k e N and k ^ 2iS (2 8) 

Clearly (2 7) implies (2 8) On the other hand if (2.8) holds and 

in **“ 1 El 

q ^ 2^/a. let m be the unique integer such that — < q ^ — Then 


I |f 1 Il'I ^ 1 l^i !l®/“ ^ C^(m/a) I |f i 1^ 

^ (q + l/a)“ ! If 1 1^ 


^ C. (1 + 1/2P) q I if ! 1 . 

^ r’ 

= C q« i|?li^ 

r’ 

Now suppose E ^ r is a ^ set and (2 7), or equivalently (2 8) 
does not hold. Then for each n e IN. there exists e and an 

integer k^ ^ 2p such that if q^ = we have 

= -7^. ■ 1'''®” 1,, ^ ” >'n 






n"L » 


Let 
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Ve novv estimc^te the norm- jjg 1 1 q* • From the definition of the B* 
norm, there exists > O' such that 

IISnIlB* ' > 4 1> '-fc 

o: n 

where 0 < ^ e^'* 

If some subsequence of tends to zero, we get a subsequence 

{g ) of {g } such that jjg 1 L* > ^ 

k a 


If not, 


then there exists a 5 > 0 such that 5 V 

ll^nllB* ^n " i !g^(x)l^^“) 

a n 




n 


n 


k » 
n 


g 


n ' 


I "n 

L^n 


n Then 
dx 


n ,p ,a ^n 
n 


k 

. q^ (k^^) 

T ‘^a -n- 

5 n 


00 as n 


CO 


Hence t , (E) ^ (B*) |p so that by Lemma 2 4, E cannot be a o 

UC JCi I r 

set. This completes the p-roof of the theorem 

As a consequence of Theorem 2.6 we get the following 
characterization of Sidon subsets of T 


Corollary 2.9 Let E be_a subset of T Then 

E IS a Sidon set if and only if B 1 / 2 IE - 



67 


Proof : Let E be a Sidon subset of F, then as is Viell known 

([21], p 59), we have 

I If I ^ C 1 |f ! iL2 V f e 3-^ and 2 < p < ^ (*) 

and by Theorem 2 6, this is equivalent to Bj^21e ~ ^ 2 ^^^ 
converse, Pisier [23] has shown that, every E e F satisfying (*) 
IS a Sidon set 

As another corollary, we get the following result* 



set 



68 


(ii) Recall ([21], p 15 ) that a subset E ^ F is called an 
asymmetric set if 1 ^ E and vvhenever y e E, y 5^1 , then y ^ E E 
IS called a dissociate set if 1 ^ E and for every finite subset 
F s E and a mapping m F > { 0,±1,±2} such that JJ y°^^^ = 1, 


yeF 

we have i, v y€F 

If G is an infinite compact abelian group, then F always contains 
infinite dissociate sets ([21], p 21) 

Now let E be an infinite dissociate set and k e N . Define 

E, = (TT y S IS an asymmetric subset of E u E ^ with [ S 1 -k ) 

^ yes 

Then ([21],p 65) there exists a constant > 0 such that 

Mfll^q ^ !f I 1^ V f 6 5-^ , 2 < q < cc 

2 k 

Therefore, by Lemma 2 5 and Theorem 2 6, Ej^ is a ^ 

^ ^ k/2 and 0 < a ^ ^ 


(iii)The examples of A „-sets given above require P ^ 1/2 Ve now 

«,P 

show that for ^ < 1/2, A „ sets need not exist. 

«.P 

Let G = TT Z , where A is an infinite index set and F = Jj Z 
A P A P 

its dual group Suppose E ^ F is an infinite subset and F a finite 
subset of E. The subgroup H of F generated by F has cardinality 
atmost pl^l.Let V = H'^,t=hen V is an open subgroup of G,so m(V)>0 


Put 


h = 


Then h = Xg and so l|hjj.l|_^ 2 : ]f| 


m(V) 

1/r 


1 r < «'. 


Next we estimate llhllg . By Plancherel Theorem 


a 


1 

mCV) 


H 
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Hence m(V) iH| = 1, and vve have, 

! 1^1 !g ^ 1 + e + /q |h(x)| ( log^ IhCx) j )°' dx 

^ ^ J5Tv) J'v ax = 4 + (log'^lHl)® 

c ( log"^ ! h1 )“ 

= C iFTciog p)“ 

Taking P < 1/2 and r = 2^/a < l/a, we have 

IIHeIU 

— nhTTi " — ’ " — ■ * 

^(X 

Hence B^|j. ^ which proves that E is not a ^ set 

2.12 Now v»e include an application of the preceding results to 
some multiplier problems Ve observe that the folloviing table is 
true 


I 

II 

III 

IV 


1 s 

> 

in 


fL? . 

•C. ) , is;q<r<a, r>2 

rg_ 

r q 

a r q 

r 

q 

r-q 

M(G) + try 

£ (A , A ) s 

, A) £ 


A ) , r > 2 

2r 

r r 

a r r 

r 

r 

r-2 

A ^(G) + 

qr 2r 




, A ). 2<q<r<a 

Q 


r-q 1 — 2 


In Chapter 3. vve mentioned that it is not known if the inclusion 

of I in II IS proper. In Chapter 4, we proved that the inclusion 

of I in IV IS proper. Using ^ sets, we show that the inclusion 

of I in III IS proper if a ^ 1/2. Also we prove that if ct < 1/2 , 

1 q < r < «> and r > l/a, then f ^^®a^r ’ ^q^ ’ 

r-q 
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Theorem 2.13 . Let a ^ 1/2, then 

(a) ^ > 2 , 1 ^ q < r < a 


(b) M(G) + > A^), r > 2 


(c) M(G) + >£„ ^ ^ 

£2_ 2r_ f C(B ) , A^) , 2 < q < r < oc 


r-q r-2 

Also if a < 1/2, then 


a r q’ 


( d ) '^rq ^ ’ ^q^’ ^ ^ ^ ^ ^ ^ ^ ^ ^ 


Proof : Let E be an infinite 1/2 Then 

®1/2Ie “ ^ 2 ^^^ 

Case a i 1/2 Then 

£ (Bj /2 , i^) £ = ((B„)^ , for l£q<2 


VE) " ■ -^q’ = '<8l/2>r ■ •*^q> = • 

Now the proof of (a), Cb) , (c) follows exactly in the same manner 

as that of Theorem 3 1 of Chapter IV 

Case a < 1/2. Let E be an infinite j^2 Then 


Theref ore 


-e^CE) £ CB^ , -tg) £ for q < 1/a 

1-aq 


-e^(E) £ CB^ , £ CCB^)^ . for q ^ 1/a 


Since r > 1/a, Z ^ Z 

£a_ 

r-q 


. Hence (d) follows 


1-aq 
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§ 3 


In section 2, we gave a characterization of ^ sets It is easy 

to see that if ^ p then every A „ set is also a A „ set. It 

12 ^ a. ’^2 

is natural to ask whether the class of A „ sets is a proper 

«iPj 

subclass of A „ sets In this section we show that for each 
’^2 


positive integer k there exists a subset E £ F which is a A 

set for 0 < a i k/2 but not a A „ set for any p < k/2 

a,p 


a, k/2 


The main result of this section is Theorem 3 1 from which the 

above result about A „ sets follows as an immediate consequence. 

«.P 

Ve would like to mention that the problem of deciding whether the 

classes of A „ sets are distinct for distinct indices a remains 

a p 

unresolved 


Theorem 3.1 ; Let G be an infinite compact abelian group and k e 

Then there exists a subset E, s T and a constant C, such that 

k k 

Cl) IlfllLQ ^ ^ ^E and 2 < q < cc 

2 k. 

( 11 ) ^ (Ej^). 0 < a ^ k/2 and r < k/cc 


Corollary 3. 2 . Let k € Then there exists a subset E £ T which is 
a A^ set for 0 < a k/2, but not a A^ ^ set for 0«x^P<k/2. 
Proof : This is an immediate consequence of Theorems 2.6 and 3.1. 


In addition, we now get the result mentioned in the introduction. 
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Corol I ary 3.3 * Let G be an infinite compact abelian group, E a 

Sidon subset of F, and 0 < a ^ 1/2 Then B^|j. e Further, 

there exists a Sidon subset E ^ F for which B ! ,, 4 (E) for every 

a ' E r 

r < 1/a 

Proof : If E IS a Sidon subset, then it is a ^^2 subset 

(example 2 ll(i)) The set E constructed in Theorem 3 1 for k = 1 

IS a Sidon subset (cf cor 2 9) and 4 ^ fE) for r < 1 /a by 

cx * h r 

(ii) 

Proof of Theorem 3 1 : There are several steps in the proof of the 
above theorem Ve first prove the theorem in three special cases, 

namely, when F=Z , ZCp"^) and JT* Z . where A is an infinite set 

cteA ^a 

Then we prove three lemmas and finally using these and the 

structure theorem for compact abelian groups, we reduce tne 

general case to the above three special cases 

In the proof for each of the three groups mentioned above, we 

start with a dissociate set E, so that (cf example (ii) §2) the 

set E, = E + E +. . . + E (k- times) satisfies inequality (i) of 

k 

the theorem. Next we construct a sequence 
trigonometric polynomials such that 

■ > 0 as n ^ a 

r 

where 1 ^ r < k/a and 0 < a ^ k/2 Conclusion (li) then follows 


‘n' 'B 


a 


‘n'E, 


from the closed graph theorem 
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3 4 The case F = Z * 

oc 

Let E = {3 )_^_j.Then E is a Hadamard set iMth Hadamard constant 3, 
hence E is a dissociate set ([21], p 23) As remarked above, the set 


^2 

E, = {3 ^ + 3 ^ + 

k 


+ 3 -e.e!N,j = l,2 kl 

j 

satisfies inequalitj' (i) vrith a constant depending only on k. 


Let denote the n-th Fejer kernel For n large enough (so that 

K(t)il/2 ifitls: n/2 ) we have 
n ' 

+ „ 

IIkII^ + ire + 2/ K(x)(logK(x)) dx 

n 0 


Since K (x) ^ min (n+1 , 
n 


It* 


(n+1 )x' 


:) , we get 


1/n+l 


, a 


jjKnllg ^ 1 + eit + 2 / (n+1) (log (n+l))“ dx 


a 


0 


+ 2 J 


n/2 


n 


(log 


ir‘ 


1/n+l (n+l)x 


(n+1 lx' 


•) dx 


^ 1 + eir + 2 ( log (n+1) )“ + 2 ' ^^ - "y ^ ( 1 ogit^(n+l ) )“ (n+l-2/ir) 

i (log (n+1 ) )*^ 
a ° 

Novt let h = Then for n large 

n 3 k 

1 |h 1 L ^ C (log 3^k)“ = n“ 

“ a 

To estimate ll^n^E upper bound on l[l,3"k] n Ej^ j 

For this, we observe that ifm=3 +3 + . +3 with 

l^< ^ \ k-tuple ’ '^k^ uniquely 

determined by m. Hence 

1[1, 3^k] n Ej^l ^ ^ Cj^ n^ 


for n large enough. 
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Therefore 

Ilf^niElU - 

k r 

and if 1 ^ r < k/a, 


ii^hIe I 

k 



^«-k/r 


0 as n ^ 


3 5 The case T = Z (p ) . 




Recall that Z(p ) = {— ^ * j € Z, n € Z}/Z, vvhere p is a priire Ve 

n ^ 

vvrite fj/p ] for the elements (equivalence classes) of ZCp ) 

In the follovring we assume p 9^ 2 For p = 2 some modification 

IS needed which we indicate at the end 


Let E = {[l/p’^] , n e Z}. Then E is a dissociate set. for if 

m 


r k [ — 

J = 1 P J 


] = 0, ^here n. < < .< n and k ^ {±1, ±2), then 


1 


IB 


m 


n 


m 


IB-l 
+ E 
J = 1 


n 


€ Z 


But then, 


or 


k p^m-1 
IB ^ 

n 

m 


n 


k p 
m ^ 

n 

m 


m-l 


n . ffi-1 

+ p E 

J = 1 


n 


e Z 


e z which IS impossible since p 2 . 


Now fix k > 0 and let 


E, = E + E +. + E (k-times) 

k 

Then inequality (i) of the theorem holds for Ej^ (see example (ii) 
§ 2 ) . 

Next let be the subgroup generated by Il/p^] i e. 

= {[j/p"]: J = 1.2.. . . p^} . !h^ 1 = p^ 



Xy 


Let \ 


n 


H and put h = 
n ^ n 


n 


m(\ ) ■ '’n= *E 


Ve have seen in 


n 


n 


example (iii) § 2 that 

m(V ) 1 h 1 = 1 and 


n 


n ' 


^ C (log p)“ n“ 


a 


Ve nov» estimate j 

r 


|Sn " % i 


1 /r 


Clearly n j n If m € has the representation 

7 ‘ " 7 ^ " 

P P 


m 


1 


^ 


mod Z, v.ith < <Z, 

12 K 


then the k-tuple '^2' 

For, if not suppose 


j-Cj,) IS uniquely determined by m 


1 4- 1 + 

— z — Z 

P P 




D 


mod Z 


\<ith K 


< Z^ and < J 2 <• 


Since both terms are less than 1, equa 1 j. ^ h Ids vvithcut mod Z 
Then after cancellation we maj assume Z^ < Multiplying by p 


we get, 

Z -Z 

1 ^ 1 2^ 

1 + p + 


^ \->2 , 

. +P = P + P + . . . 


h-Jk 


which is a contradiction since the left side is greater than 1, 
while the right is less than 1. 

^ ~ "'k “ 


Ve conclude from this that |H^ n ^ ^ n^ for large 


n, so that 

k r 

and the conclusion ( 11 ) of the theorem follows if 1 ^ r < k/a. 

2ri 

For the case p = 2* v^e start with the set E={Il/2 I:n € Z ) 


Then the above proof with p replaced by 2 works in exactly the 


same way 
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3 ■ 6 The case F = T T Z 

aeA '^a 

Here A is an infinite set, each q is a prime and 

a 

2 

Z = { 1 , ^here is a primitive a -th root 

of unity r IS the dual of the compact abelian group G = "[T Z 

a€A % 

Vte consider two cases . 


Case 1 sup In this case there exists a countablv infinite 

aeA 

set {a } £ A such that for some prime p q = p for all n Let 7 
n 1- mq, I 

n 

be a character on G defined b> 

7^(0) = (0^ , (0 e G 

n 


Then each 7^^ has order p Let E = { E is an independent 

set, hence a dissociate set Therefore the set E, =E+E+ +E 

k 

(k-times) satisfies inequality (1) of Theorem 3 1 

n -E 

Let H be the subgroup generated by {7 } , and let V =H . Put 

n s & . j J = 1 n 


h = 


, then h = Xu s-iid |H i = p^ 
) n H ' n ' 


n m(V . 

n n 

By the same argument as in the case T = Z(p ), we see that 


and Cj^ n’'^'" i ^ n*'''’’ 

k r 

and conclusion Cii) follows. 


Case 2 ' sup = ® 
aeA 

Choose {q^ } such that 9 k^ ^ ^ ^a ^ 

n 12 

As in case 1 , define , w e G 

11 ^ 


< q^ . .and 1 im q^ = ®. 
n n-^^i n 

Then 7 ^^ is of order q^ . 
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We let be the subgroup generated by and let 


and put 


n m { V ) 
n 


Then 


^n % • 

n 


n 

TTq„ 

J = 1 J 


^ C (loglH^!)“ 

a 

i C (logTT q„ ) 

J = 1 J 

1 

In this case constructing the set E, from the set E = {y ) 

k n n= ^ 

as in the earlier cases does not give the required estimate for 

l|hJj.|U overcome this difficulty as foilovvs 

r . f 

m +1 

For each n, choose m as the largest integer for which (3k) 

n 

(where we fix k e IN as in the statement of the Theorem) 

Let E = • n G !N j = 0 1.2,. 

To see that E is a dissociate set, it is enough to show that for 


each n, the subset in , 7 , 

n n 


.(3k) 


m -1 
n 


} IS a dissociate set 


since the set {y^} is independent. For this suppose 


Pj (3k) 


P2(3k) 


Pj^(3k) 


= 1 withPj =±1, ±2 


and 0 ^ .< < m Then, since p is not divisible by 3, 

1 2 K n 1 

^ ^ Z, —Z Z € 

p,(3k) ^+. +p (3k) ®=(3k) ^(p.+p„(3k) ^ . +P„C3k) h ^ 0 

1 m 1 z m 


Also 


i P C3k) ^ 2 Eq (3k)J < (3k) " < q^ 
3 1 3 J ^ 


so that 


.?Pi 


1 , a contradiction 



Novv if \^e take Ej^ = E + E + .+ E Ck-times), inequalit> (i) of 


the theorem holds It remains to estimate 1!^ ~ ^ ^ 

^k r 
n 


1 /r 


It IS clear that |H n E, ^ 

' n k 


1 


n 

1 


Ve actually show that | H^n E^^ j = For this, we show that 


^^2 

(3k) (3k) 

each of the elements (y ) (l ) 

•^1 ^2 


m 


(3k) 

(T ) (where 


1 ^ Jj > • • ^ ^ 0 ^ -C < m ) are distinct 

m -C 

Es (3k) ^ 

This will follow, if we show that never equals 1, 

where s and m are integers such that 0 < \s \ ^ 2k and l:^m^2k and 


m 

0 ^ Z < Z < < < (3k) J 

I z m 

z z 

It is enough to show that 0 < Is, (3k) ^ + + s (3k) “1 < q 

1 m ‘ ex 

J 

Now 


Z Z m -1 m +1 

s.(3k) ^ + + s (3k) ®i < (2k) (2k) (3k) < (3k) ^ ^ 

i IB 


• 


Next , suppose 


Z Z 

s, (3k) ^ + + s (3k) “ = 0, 

1 m 


Then 


Sj = -(3k) ^ ^ {s^ + s„(3k) ^ ^ + + s (3k) ® ^}. 

1 Z o IB 


which IS not possible since 0 < [s^j ^ 2k 


n 

j J k 

Thus we have seen that |H n E, | = C, c, (][] m )^ for large n 

n K K X ^ j 



Therefore 

* n , . 

Ilh^lg 11^ ^ c (log (TT q„ ) which IS the required estimate 

k r j=l j 


3 . 7 Finally to complete the proof of the Theorem 3 1 for a compact 
abelian group We need three short lemmas We shall need the 
following definitions ([21], p 24) 

3 . 8 Def initions 

Let s be a nonnegative integer, a subset of T and tp e T 

Rs^Eq’^^ denotes the number (possibly s) of asymmetric subsets S 

of E = Eq u Eq^ satisfying js| = s and JJ K - P 

yes 

Note that R (Ef.,tp ) = R (E,V) for all s and yi 
s u s 

A subset Eg ^ r is called a Rider set if there exists a 

constant B > 0 such that Eg^Eg ,1) 5: for all s. Note that if Eg 

IS a dissociate set, then E_, is a Rider set since R (E-,l)= 0 for 

u s u 

all s ^ 1 

If E IS a Rider set, then inequality (i) of the Theorem 3 1 holds 
for Ej^ ( [21 ] , p 65) ^ 

For convenience , Vve v^ill say that the group G has property Pj^ 

if there exists a Rider set E ^ F such that ^a^E ^ 

k 

0 < a ^ k/2 and r < k/a. 

Note that if a group G has property , then the Theorem 3.1 


holds for G 
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Lemma 3.9 : Let H be a closed subgroup of G Suppose G/H has 
property , then G has property 

Proof :By the hypothesis there exists a Rider subset E £ (G/H) = 

and a function g e BCG/E) such that g|_ t -&(£,) We will show 

« ' E, r k 


that the same set works for G also 

Since g € B^(G/H) , gon e B^(G) , where n. G * G/H is the 

quotient map. Also (gojr) (y) = g{y) for y e H 
Therefore (gon) ^ ^^(Ej^) 


and the lemma is proved 

Lemma 3 10‘ Let 
t t€A 

groups and G = If 

t€A^ 


be a family of infinite compact abelian 
for some t e a, G, has property P, , 

O t k 

O 


then G has property Pj^ . 

Proof :We write x =(x^)^^, for elements of G with e =(ej.)j.^, as the 
t t€A t t€A 

identity element, and y elements of the dual group F 

By the hypothesis, there exists a Rider set E £ F such that 


^ Ie, 

o k 




Let F = 7T ^ easy to see that F is a Rider 

t9^t ^o 
o 

subset of r 

If g e B^CG ) IS such that g\^ € . define g^Cx) = gCx^ ), 

k o 

X e G. Then g^e B^(G) and g^(y)= g(y^ ). Hence gjp ^ '^r^^k^’ 


Lemma 3.11 ; Let H be an open subgroup of G. If there exists a 

dissociate subset E £ F/H such that B^(H) f -C^CEj^), then G 

k 

k • 


has property P 
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Proof : Suppose E = in^ a e a } e r/H"^ satisfies the hypothesis 
of the lemma Let y be an> representative of the coset y for 

OC QC 

each a e A, and E = {y^ .a e a } Ve c!a*n that E is the required 
1 c e r set 

If (if j y , ,y 1 IS an asymmetric subset of E u E ^ 

1 2 n 

such that 1 = • '^a ' ^ ^ 

12 n 12 n 

Since E is a dissociate set = 1 for each j =1,2, ,n. but this 

_ J 

is not possible since 1 ^ E Therefore R^(E,1) = 0 and so E is a 


Rider set 


Now let f € B (H) be such that fj^ € -t (E, ) Define 

Xl, P ii 


gCx) 


Then g € B^(G) and 


f(3s.) if X e H 

0 If X ?■ H 




I C-x, 
H 

C / C-x 
H 


y^) g(x) dm^^tx) 

y^) fCx) dffigCx) 


= C fC7^) 


where niglg = C 

Therefore gl^ ^ ^ (E, ).This completes the proof of the lemma 

^ ‘ E F ii 
ic 

3 12 End of Proof of Theorem 3.1 : Ve consider two cases. First 
suppose r is not a torsion group, then G contains a closed subgroup 
H such that G/H is isomorphic to the circle group T, By the Lemma 
3 9 and the case T = Z, the theorem is true in this case 
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Novr if r IS a torsion group, then F is a vteak direct product 

of p-primary groups ([10], A. 3) By the Lemma 3 10 we may assume 

that r is a p-primary group Novv there are two cases 

Case 1. r is a p-pnmary di\isible group, then F is a weak direct 

product of groups of the form Z(p*) ([10], A14) By the Lemma 3 10 

and the proof in the case Z(p'^), the theorem holds in this case 

Case 2 F is a p-primary non-di vi s ib] e group Then F contains a 

subgroup B = 7T 2 such that F/B is divisible ([10], A 24) Now 
^ a 

B = (G/B ) , so that if B is infinite the theorem holds for G/B'*’ 

hence also for G, by the Lemma 3 8 

Finally if B is finite, then B"*" is an open subgroup of G and 

(B'*') = r/B which is a divisible p-primary group By case 1 abov'e 

the theorem holds for B"^. Using the Lemma 3 9 and the proof for 

the case Z(p°’) , we have in fact a dissociate set E s F/B such 

that B (B"*") Ip ^ ^ fE, ) By the Lemma 3 11, there exists a Rider 
K 

set E^F such that B (G) [„ ^ -t (E, ) and the theorem holds for G. 

Oi ll, I' ii. 

k 
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